MEASURABLE EUCLIDEAN RAMSEY THEORY FOR LINES AND

FINITE CONFIGURATIONS
RYAN HOFF, GARY HU, AND YUMO LIU

ABSTRACT. For finite configurations X1,...,X, C E¢, write E¢ —,, (X1,...,X,)
when every measurable r-coloring of E? contains an isometric copy of X; in color 4 for
some i. We extend Fourier-analytic and linear-programming methods for measurable
distance-avoiding sets to this Euclidean Ramsey setting by combining finite inequalities
for several color classes with spherical Fourier representations and positivity of the
associated measures. This framework gives nine new measurable Euclidean Ramsey
results for lines and finite configurations. Writing ¢, for the unit-spaced m-point
line, we prove E? — ., (fa,f7), extending the planar positive result from /5 to a
measurable result at ¢7. We further obtain new two- and three-color results for lines
in several dimensions, new planar results for a regular pentagon and for a square of
side length v/2 with its center, and a measurable partial result toward the unresolved
three-dimensional square problem: every measurable two-coloring of E? contains either
a monochromatic unit square or a monochromatic noncoplanar tetrahedron with four
unit distances and two distances /2.
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Euclidean Ramsey theory, initiated in a series of papers by Erdds, Graham, Mont-
gomery, Rothschild, Spencer, and Straus, asks which finite configurations are unavoidable
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in every coloring of Euclidean space [16, 17, 18]. For two configurations X,Y C E<,
we write E? — (X,Y) if every red-blue coloring of E¢ contains either a red X or a
blue Y, up to isometry. Its negation, denoted E? - (X,Y), means that there exists a
red—blue coloring with no red X and no blue Y. More generally, for finite configura-
tions X1,..., X, C E write E¢ — (X1,..., X,) if every r-coloring of E? contains an
isometric copy of X; in color i for some i. Thus E? - (X,..., X,) means that there
exists an r-coloring in which color ¢ contains no copy of X; for every i. We write —,
when the color classes are required to be Lebesgue measurable. This restriction asks
the question for a smaller class of colorings, but it also makes spatial averaging and
Fourier analysis available: the indicator function of each color class can be averaged over
large balls, and its Fourier transform controls averages of products at fixed distances.
The arbitrary-coloring and measurable questions therefore have different strengths and
different available methods.

We first discuss line configurations. For m > 2, let ¢, = {0,1,...,m — 1} C R be
the unit-spaced m-point line. Erdés, Graham, Montgomery, Rothschild, Spencer, and
Straus proved E? — ({5, /) and, more generally, E? — ({5, K') for every three-point
configuration K C E? [17]. Tsaturian later proved E? — (3, /5) [30]. In dimension
3, Ivan proved E3 — (fy, K) for every five-point configuration K C E?, and Arman
and Tsaturian proved E3 — (fs,fs) [21, 3]. On the other hand, Szlam proved that
for some constant ¢ > 0, E? — ({y, K) for every K C E? with |K| < 29¢ [29]. In
the opposite direction, Conlon and Fox proved E? - (fy, {1910) and, for some constant
c> 0, EY —» ({y,0,,) whenever d > 2 and m > 2¢ [6]. Currier, Mody, Xie, and Zhang
improved the planar obstruction to E? — ({3, {g330) [10]. The known planar results
therefore leave the gap 6 < m < 6329. We improve the lower bound in the measurable
setting:

Theorem 1. E? —, (fo, (7).

For three colors, the unit-distance graph of the plane is not 3-colorable by the Moser
spindle, and hence E? — ({y, {3, f5) [25]. Currier, Moore, and Yip proved the three
obstructions E¢ - ({3, 03, 0g), E¢ - (3,04, 0;), and E¢ - ({3, 05, 05) for every d > 2
[12]. We prove a related result for three colors:

Theorem 2. E? —, ((o, l,(3).

For two colors and red /3, Erd6s, Graham, Montgomery, Rothschild, Spencer, and
Straus proved E* — (K, K) for every three-point configuration K C E?, and hence
E? — (f3,¢3) [16]. Currier, Moore, and Yip later proved the positive planar result
[E2 — ({3, f3) with computer assistance [11]. Conlon and Wu proved E? — ({3, £1¢s0) for
every d > 2 [8]. Fiihrer and T6th improved 10°° to 1177 [19], and Currier, Moore, and
Yip later improved it to 20 [12]. Thus, in the plane, there remains a gap 4 < m < 19.
We prove three results for measurable colorings in higher dimensions. The dimensions
in these statements record where the present constructions work. We do not claim that
they are optimal.

Theorem 3. E? —, (¢3,4,).
Theorem 4. E* —, ((3,05).
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Theorem 5. E” —, (¢3,05).

For red ¢4, Erdés, Graham, Montgomery, Rothschild, Spencer, and Straus proved
E? - (lg, lg) and E? - (l4, £y, l4) for every d > 2 [16]. For two colors, interchanging
the colors in E? — ({5, £4) gives E? — ({4,05) [17]. Currier, Moore, and Yip proved
E? — (£4,014) and E¢ - ({5, (g) for every d > 2 [12]. Thus the planar gap for red ¢, is
3 < m < 13. In a higher dimension we prove a result for measurable colorings:

Theorem 6. E* —, ({4,04).

More generally, Conlon and Fiihrer proved that if a finite configuration X C E? is
not contained in a sphere, then there is an integer m such that E" - (X, ¢,,) for every
n >d [7].

We next turn to finite point configurations. For n > 3, let P, be the regular n-gon of
side length one. For s > 0, let W,,(s) be a regular n-gon of side length s together with
its center. In particular, W4(\/§) is a square of side length v/2 together with its center.

Juhész proved that E* — ({5, K) for every four-point configuration K C E?, and
in the same paper gave a twelve-point configuration K C E? with E? —» ({y, K)
[23]. Csizmadia and Té6th later reduced the size of such an obstruction to eight:

E? - (62, Wr(2 sin(w/?))) [9]. Thus E* — (ly, W3(s)) for every s > 0, while the
corresponding statement fails for W7(% sin(7/7)). This leaves a gap which we partially
close in the measurable setting:

Theorem 7. E? —,, (o, W4 (v/2)).

For regular polygons, the preceding four-point theorem gives E? — (fo, P,). Currier,
Mody, Xie, and Zhang proved that if K C E" is 1-separated, Ry > 2, and diam(K) <
Rk — 1, then |K| 2 (11 + 0(1))" In Rk implies E® - ({5, K). If K is contained in an
affine subspace of dimension at most (In5/1In11)n, the factor 11 + o(1) can be replaced
by 54 o(1) [10]. Applying that construction to regular polygons and carrying out the
explicit calculation in Proposition 43 gives E? - ({5, Py) for every integer N > 6800.
The case Py is elementary and needs no measurability. The remaining case immediately
beyond Py is Ps. Under the measurable hypothesis we prove:

Theorem 8. E? —, ({y, Ps5).

If €1, €2, e3 are orthonormal, set S = {0, e, e3,e14+e2} and T = {0, €1, €a, %el + @eg}.
Thus S is a unit square and 7 is a noncoplanar tetrahedron with four distances 1 and
two distances v/2.

For the final configuration, a folklore construction gives a two-coloring of E? with no
monochromatic copy of S, that is, E* -» (S,S). See Gasarch, Gezalyan, and Parker [20].
Erdés, Graham, Montgomery, Rothschild, Spencer, and Straus proved E¢ — (S, S) [16].
As Cantwell notes, a trivial modification of their proof gives E> — (S,8) [5]. Cantwell
later proved E* — (S,8) for arbitrary colorings [5]. Thus E¢ — (S,S) is known for
every d > 4. Dimension 3 remains open, while dimension 2 is ruled out by the coloring
above. We address this missing dimension with the following measurable result. Up to
isometry, four points with four mutual distances equal to 1 and two equal to /2 form
either a square, when the two v/2-pairs are disjoint, or the noncoplanar tetrahedron 7,
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when the two pairs share a vertex. We prove that one of these two configurations must
occur monochromatically:

Theorem 9. Every measurable two-coloring of E* contains a monochromatic copy of

either S or T .

The nine results play different roles. Theorem 1 extends the planar positive results
from /5 to a measurable result at ¢7, while Theorem 2 gives a three-color analogue. The
higher-dimensional line theorems show that the same method applies beyond the planar
setting. Theorem 7 begins to close the gap for regular polygons with their centers,
while Theorem 8 gives the corresponding measurable result for the regular pentagon.
Theorem 9 gives a measurable partial result toward the unresolved three-dimensional
square problem.

Our method extends the Fourier-analytic and linear-programming approach to mea-
surable distance-avoiding sets, initiated by Székely and developed by de Oliveira Filho
and Vallentin [28, 14]. Related work treats finite unit-distance constraints, correlations
involving three or more points, and more general optimization problems [4, 24, 1, 2, 13].

The spherical Fourier representation and the positivity of the associated measures
are standard ingredients in measurable distance-avoidance arguments. Here we combine
them with finite inequalities for Ramsey statements in which different color classes are
subject to different avoidance conditions. In the planar arguments, these inequalities
involve several color indicators at once. In higher dimensions, we organize the possible
local color patterns into a finite directed graph. Assigning a number to each vertex
makes the intermediate terms cancel when the local inequalities are added along a line.
This gives one method for treating all of the results below.

Our three-color result gives a simple example of the argument. Call the three colors
red, blue, and green, and consider the 3 x 3 triangular-lattice patch used to prove
Theorem 2. Suppose that this patch contains neither a red pair nor a blue pair at
distance one, and no green copy of /3. We assign coefficients to the points and to pairs
of points at the distances appearing in the patch. The resulting quadratic functional £
is chosen so that every coloring of the patch with these avoidance properties satisfies
L > 0. The linear terms record the colors of individual points, and the quadratic terms
record pairs of points with prescribed colors.

Now place this patch at all translations and rotations and average £ over a large ball.
The boundary contribution tends to zero as the ball grows. The remaining terms are
color densities and pair correlations at the finitely many distances in the patch. After
the densities are subtracted from the indicator functions, Fourier analysis writes each
correlation as an integral against a nonnegative measure. The integrand is a finite linear
combination of spherical averages determined by the distances in the patch. A pointwise
upper bound for this integrand therefore gives an upper bound for the averaged value of
L. In the nine-point case this upper bound is negative, contradicting the nonnegative
lower bound obtained from every coloring of the patch. The coefficients are chosen so
that the local expression is nonnegative while the associated polynomial in the color
density and kernel bound give a negative average. This links the finite combinatorial
inequality to the Fourier estimate for its average.
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The other planar results use the same argument with different patches, quadratic
expressions, and coefficients. For the line results, a possible coloring of a short sequence
of consecutive points is treated as a local pattern. Appending one new point shifts
the sequence by one place and gives a directed edge between two allowed patterns.
Assign a number ¢(u) to each pattern w. If the edge from u to v has contribution
W (u,v), the local inequalities take the form W (u,v) 4+ ¢(u) — ¢(v) > 0. Summing
these inequalities along an oriented line makes the intermediate ¢-terms cancel and
leaves only contributions from the two ends. This is the line analogue of the finite-patch
inequality. For Wy(v/2), Ps, and the square-tetrahedron result, the patch is instead a
finite point set containing copies of the configurations under consideration.

The planar and line averaging propositions later in the paper separate the finite lower
bound, the averaged upper bound, and the boundary error in these two forms of the
argument.

The coefficients are found by linear programs whose constraints encode the finite
colorings of the patch and the desired bounds for the Fourier kernels at selected
frequencies. The linear programs are used to find the coefficients. The proofs use
rounded rational or integer values, check the local inequalities directly, and establish
the kernel bounds analytically over the full frequency range. Measurability enters at
the averaging step: it makes the color indicators measurable and supplies the spatial
averages and Fourier representations used above. Without it, these analytic quantities
need not be available.

The paper is organized as follows. Section 2 develops the spherical averaging estimates.
Sections 3-8 prove the nine Ramsey theorems. Section 9 describes the linear programs,
and Section 10 gives finite-radius consequences, the explicit polygon obstruction, and
open problems. The appendices record the finite data and the rational verifications
used in the proofs.

2. FOURIER AVERAGING

2.1. Spherical averaging. Let d > 2 and let Br = {z € R?: || < T’} be the closed
Euclidean ball of radius T centered at the origin. We use |Br| for its volume. Let
h : R? — R be bounded and measurable, and let hy = hl By be its restriction to Br.
Thus hp is zero outside the ball.

Let 04_; be surface measure on the unit sphere S~ divided by the total surface
area, so that o4_1(S¥1) = 1. For w € S, write w, for its first coordinate.

For r > 0, define the spherical autocorrelation of hy at distance r by

1
Apr(r) = |BT|/Sd1 /Rd hr(y)hr(y + rw) dy dog-1(w),

The product compares the values of hr at two points whose displacement is rw. The
outer integral averages over all directions of that displacement. The factor |Br|™!
normalizes the average by the volume of the ball. The truncation to Br makes all these
integrals finite.
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We next express this correlation in terms of the Fourier transform. We use the unitary
convention

F6) = oy [ 5 ) d,

R4
for which Plancherel’s identity has no additional constant [27, Eq. (6.5.1), Theorem 6.5.6,
and Eq. (6.5.33)]. The vector ¢ is the Fourier frequency: it records the oscillation of
the function x +— €. For a € R?, Plancherel’s identity and the Fourier transform of a
translate gives
L hr@he(y+aydy = [ e ()] de.

The complex exponential is the factor by which the Fourier component at frequency &
changes under translation by a.

Plancherel gives [ra |2 (€)2dE = [ B, |[M(x)|?dz < oco. Define the resulting finite

nonnegative measure v, r on R? by

7 2
dinr(€) = 'hﬁéi’

It is nonnegative because its density is nonnegative. Let v}, 1 be the measure on [0, 00)
obtained by recording only the length of the frequency: for every Borel set B C [0, 00),
vpr(B) = Upr({€ ¢ €] € B}). Thus the variable ¢ below is the magnitude || of a
Fourier frequency. The measure changes with T" because hy changes with T', but ¢
always ranges over [0, 00) and has this same meaning. From this point on, v, denotes
a measure on Fourier radii of this kind, while p is reserved for the centered red-indicator
measure defined below.

When a = rw and we average over all directions w, rotational invariance shows that
the average of e=%% depends only on the product r|¢|. We denote this one-variable
function

dé.

Qalu) = /S e oy (w).
Therefore
L e doas(w) = Qu(rle),

because, when £ # 0, a rotation carries /|| to the first coordinate vector. When & = 0,
both sides are 1. The function 4 is real and even by symmetry, and 24(0) = 1 because
041 is a probability measure.

For a > 0 and t > 0, let I' denote the gamma function and let .J, be the Bessel
function of the first kind with parameter «, defined by

Jalt) = i n!r(f:);r 1) (;)2"%

n=0

The series converges for every ¢, and in particular Jo(t) = 0% ,(=1)"(¢2/4)"/(n!)?.

Lemma 10. Let d > 2. Fort > 0,

Qult) = T (g) ()" hpa0=3 5 T

n=0
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where Jyo—1 is the Bessel function of the first kind with parameter d/2 — 1, and the
product in the denominator is 1 when n = 0. Moreover, for every t € R,
2I°(d/2)
(d—1)yaI((d—1)/2)
Proof. The Bessel representation is the spherical Fourier-transform formula [14, Eq. (1)].

Substituting the power series for Jg/o—1 [26, Eq. 10.2.2] and simplifying the gamma
factors gives, with o = d/2 — 1,

(4) () e

9 t 22n+ay | F(n + d/2) — onp) ?;é(d + 2]')’

[2a(t)] <

which is the series above.
For the derivative estimate, dominated convergence applies because [Ore "1 | = |w;| <

1. Therefore
(1) = —i /S

so |2,(t)] is at most the mean of |w;| on the sphere. The first coordinate of a uniformly
distributed point of S*! has density

'(d/2)
VAT((d—1)2)
on [—1,1] [15, Remark 2.10]. Consequently,
21°(d/2 1 9\ (d—3)/2
/Sd?l lwy|dog_1(w) = ﬁf((iii i)/Q) /0 u(1 —u?) =32 qy
2I°(d/2)
~ (d=1)yaT((d-1)/2)

With v = 1 — u? and dv = —2u du, one has

/1 u(l —u?) 92 du = 1/1 092 gy —
0 2 Jo

. wie " doy 1 (w),

(1 . u2)(d—3)/2

d—1’
which gives the final equality. O
The cases needed below are
sint
Qa(t) = Jo(1), Q3(t) = .
2J,(t 3 —t%)sint — 3tcost
Q4(t) _ ;( )7 Q7(t) _ 15( )SH;B CcOs ‘

Each expression has value 1 at ¢t = 0 by continuity. These formulas follow from
the preceding lemma and the standard half-integer formulas for Jyo and J5/2 [26,
Eq. (10.47.3) and Sec. 10.49(i)].

Lemma 11. Let vy, 1 be the measure on Fourier radii obtained from vy by mapping &
to |&|. Then, for everyr >0,

Apr(r) = /O " Qu(rt) dupr(t).
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Moreover,
1
vn,r([0,00)) = 1By Js h(z)? da.
T

Thus vy has mass |By| ™| hrl|3.

Proof. This is the spherical autocorrelation identity from [14, Sec. 2]. We give the proof
to fix the normalization. Since hy € L?(R?) is real-valued, Plancherel’s identity and
the Fourier transform of a translate give, for every a € R,

[ by +a)dy = [ e hn(©)] de.

Rd

Set a = rw and average over w € S9"!. Fubini’s theorem applies because |ﬁ;|2 is
integrable. Rotational invariance and the definition of ; give

Lo e doun (@) = Qulrig).

Grouping the integral according to the value ¢ = [£|, which is the definition of v, r,
gives

7 o QDI P de = [ 0u(r0) o).

Finally, Plancherel’s identity gives

1 —~ 1
v, ([0, 00)) = |BT|/Rd |hp(€)]? A€ = Brl o h(z)? dx.

O

The measure v, is nonnegative, so an upper or lower bound for the function
multiplying it in the integral gives the corresponding bound after the total mass of the
measure is known. We call that multiplying function the kernel. In dimension two,
write w = (cos#,sin#) and let py denote rotation through 6. Since Q5 = Jy, the kernel
associated with two points at distance r is Jo(rt).

2.2. Truncation estimates. Lemma 11 integrates over all of R?, whereas our averages
are taken over Br. The difference is confined to a boundary region whose relative
volume tends to zero: if a € R? is fixed and T' > |a|, then By A (Br + a), the set of
points belonging to one of the two balls, is contained in Br|q \ Br—jq- Hence

|Br A (Br + a)| = O(T*1). (2.1)

The containing annulus has volume O(T%!) for fixed a, since |B,| = |B;|r?. Here
and below, the constants implicit in O(T!) may depend on the fixed distances, the
dimension, and the bound for the function, but not on 7.

For quantitative statements, put Dy = d2%. If T > k > 0 and |a| = k, then

|Br A\ (Br + a)| < (T+ k) — (T —k)? < D4k
| Br| - Td - T
The last inequality follows from the mean value theorem and T + k < 27'.

For a bounded measurable f : R? — R, define its average on Br by pr(f) =
Br|™! x)dx. When f is an indicator function, pp is the proportion of the
Br

(2.2)
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corresponding set in By. For k > 0, define the finite-ball spherical two-point correlation
at distance k by

Cor(f) = |BlT| Lo ] s ) dedoa i)

Thus pr records a one-point average, whereas Cj, 1 records a two-point correlation. The
quantity A r above is the whole-space autocorrelation of the truncated function hy.
The estimates below compare Cj, r(f) with this Fourier-analytic quantity. For a fixed
function, we abbreviate these quantities to pr and Cj, 7.

Lemma 12. Let f: R? — R be bounded and measurable. The following estimates hold.

(i)

(ii)

Proof.

For fized k > 0,
Cor(f) = /O T Qu(kt) dvsr(t) + O(T V).

If T >k and B = ||f]|eo, the error has absolute value at most B2Dgk/T.
Form > 1, let ¢ : R™ — R be measurable and bounded on [—|| flloos || flloo]™-
The average over x € By and w € S of

O(f(x), -, flx+ (m=1w) = o(f(z +w),..., fx+mw))

is O(T™). If T > 1 and My is the supremum of |§| on this cube, the absolute
value of this average is at most MyDy/T.

(i) For a fixed w, the autocorrelation of the truncation flp, is

L (FLe)@)(fLe,) @ + k) da = | fl@)f @+ kw) dr.

BTO(BT —k:w)

The two domains being compared are By N (B — kw) and By, respectively. The
absolute difference is at most B?|By A (Br — kw)|. Averaging over w, dividing
by | Br|, applying (2.2), and then using Lemma 11 prove both the first formula
and its explicit error bound.

For the second statement, put ®(z,w) = ¢(f(x),..., f(x + (m — 1)w)). The
stated average is

1
Bl /Sd_l /BT (@(x,w) —O(x + w,w)) dzdog_1(w).
For fixed w, the substitution y = = + w gives

/BT O(r+ w,w)der = / O (y,w) dy.

BT-H,U

Thus the absolute difference between the two integrals is at most My|Br A (Br+
w)|, uniformly in w. After the translation, both integrals have the same integrand
®(-,w), so their difference is supported only on the symmetric difference of the
two domains. Averaging, dividing by |Br|, and applying (2.2) with k& = 1 proves
the claim and its explicit bound.

O
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Lemma 13. In dimension two, let h : R* — [—1,1] be measurable, let p,q € R?, put
M = max{|p|, |q|}, and suppose T > 2M. Then the following two estimates hold, where
vp T Us the measure on Fourier radii obtained from the measure

hA 2
) = 20

dg

defined above:
(i)
1
QW‘BT’

27
/ / h(z + pop) dz df — pr(h)| <
0 Bt

(ii)

1 2m o)
— h h dde—/ —glt) dvar(t)] < o2 (2.4
27T|BT|/0 /BT (x4 pop)h(x + poq) dz ; Jo(lp — qlt) uh,T()‘_ = (2.4)

Proof. (i) If a € R? and |a|] < T, then the annulus estimate is
|Br A (Br +a)| < #(T + |a|)? — 7(T — |a|)?® = 47T al.

For (2.3), substitute y = x+ pgp. The domains By + pgp and Br have symmetric
difference of area at most 477 |p| < 4xTM. Since |h| < 1, this bounds the
difference of the corresponding integrals. Averaging over 6 and dividing by
|Br| = 7T? gives (2.3).

(ii) For (2.4), put wy = py(q — p) and again substitute y = = + pgp. The inner
integral becomes

/ h(y)h(y + we) dy,
Br+pep
whereas the truncated autocorrelation is
hr(y)h dy = / h(y)h dy.
L@t dy = [ by 4 wo) dy

The integrand has absolute value at most 1. By the triangle inequality for
symmetric differences, the difference of the two integrals is therefore at most

|Br & (Br + pop)| + |Br & (Br — wp)| < 47T |p| + 47T |wg)|.

Since |wg| = |¢ —p| < 2M, the last expression is at most 1277 M. This bound is
the source of the factor 12M /T after averaging and dividing by 772, the error
is at most 12M/T'. As 6 varies uniformly, wy varies uniformly over the circle of
radius |p — ¢q|. Lemma 11 and Qy = Jj identify its truncated autocorrelation
with the integral in (2.4).

O

For indicator functions, subtracting the average separates the constant term from
the remaining correlation. This gives the form used in the higher-dimensional proofs.

Lemma 14. Let v : R? — {0,1} be measurable, put p = pr(r), and define the T-
dependent centered function

Jr=r—pr(r).
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Let piyr be the measure on Fourier radii associated with the centered function frlg,.
Then pysr is nonnegative with mass pr(r)(1 — pr(r)), and, for every fized k > 0,

Chr(r) = p? + /O T Qukt) djy () + O(T ).

If s : RY — {—1,1} is measurable, let vsr be the measure on Fourier radii associated
with sp. It is nonnegative with mass 1 and satisfies

Chr(s) = /0 T Qukt) dvs (1) + O(T ).

For T >k, the error in the first formula has absolute value at most 2Dk /T, and the
error in the second formula has absolute value at most Dak/T.

Proof. The measure p7 7 is nonnegative by definition. Lemma 11 and the identity r? = r
show that its mass is

1
|BT| Br

Lemma 12 applied to fr gives Crr(fr) = [o° Qa(kt) dpsr(t) + Eyr, where |Ej | <
Dyk/T when T > k. To express the left side in terms of r, define

1
Apr = 7|BT| /Sdi1 /BT r(z + kw) dz dog_q(w).

When k =0, Apr = p and both identities below are exact, with zero boundary error.
Assume k > 0 for the remaining discussion. Expanding (r(z) — p)(r(z + kw) — p) gives a
term Cyr(r). The average of the first factor is pr(r) = p, so the constant terms cancel
and

(r—p)?*de=p—2p*+p*=p(1 - p).

Ck,T(fT) = Ok,T(T) - pAk,T-

For each w, translation by kw changes the domain of integration from By to By + kw.
Equation (2.2) and 0 < r < 1 therefore give |Ayr — p| < Dyk/T. Hence Cyr(fr) =
Crr(r) — p* + Ej p, where |E} ;| < Dgk/T. Combining this with the error Ej r gives
the stated 2Dyk /T bound and proves the first formula.

For s, use the radial measure v, 1 associated with sy and apply Lemmas 11 and 12
to s. The mass of this measure is 1 because s?> = 1, and the explicit error bound is

Dyk/T. 0

The planar expressions are finite sums of one-point terms and products of two values
of a coloring. The next proposition averages every such expression at once. Its kernel is
obtained by replacing each product at distance r by Jy(rt).

For the next proposition, let P C R? be finite, with |p| < M for every p € P, and let
hi,...,hs : R* = [—1,1] be measurable. In every sum indexed by {p,q} C P, the pairs
are unordered two-element subsets of P, so each pair occurs once. For real coefficients
¢, Qjp, and 3, = B qp, define

Log=c+3 > ajphi(@+pop)+d D Bipghi(x + pop)hy(x + poq).

j=1peP Jj=1{p,q}CcP
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Put K;(t) = Xy a1cp Bipgdo(lp — qlt). For T'> 2M, let Ar be the average of L,y over
Br x [0, 27]:

2w
Ap = / Lo dz do.
Br

27T|BT|
Here vy, 1 is the measure on Fourier radii obtained from 7, r by mapping ¢ to [£].

Proposition 15. With this notation, if T' > 2M, then

Ar—c— z: (2};%@) pr(h;)

< T Z ’aLP‘ + Z |Bj,pq|
_Z/ th T(t) JAp.a}

Proof. For each j and p € P, equation (2.3) gives

1 27
27T|BT| /0 /BT J(x + /)9]9) T pT( J) + Ejps

where |¢;,| < 4M/T. Thus the total contribution of the linear terms is

Z (Z agp) pr(hj) + Ei.

j=1 \peP

Here |Ey| < (4M/T) Y2, , |ajp|. For each j and each unordered pair {p, ¢} C P, equation
(2.4) similarly gives

27 o
27 By /o /BT h;(z + pep)h;(x + peq) dz df = /0 Jo(|p — qlt) dvn, 7(t) + € pg,

where |g;,,] < 12M/T. It follows that the total contribution of the quadratic terms is

Z Z Bj,pq/ Jo(lp — qlt) th T( ) + Es,

J=1{pq}cP

where |Ey| < (12M/T) 32, (p.q} |Bipgl- The sums are finite, so they may be interchanged
with the integrals. For each j, the resulting integrand is 3¢, ;v p BjpgJo(|p—q[t) = K;(t).
Adding the constant, linear, and quadratic contributions gives the stated formula. Its
error is Fy + Fs, the sum of the linear and quadratic truncation errors, and the triangle
inequality gives the claimed bound. 0J

Proposition 16. Use the notation of Proposition 15. Suppose a finite local argument
shows that every allowed coloring of P satisfies L > co, and that every translated and
rotated copy of P in a measurable global coloring avoiding the target configurations is
allowed. Put
Aj =3 ajp, myr=uvy,r([0,00)),
peP
The boundary constant in Proposition 15 is

Coa =AM Y |jp| +12M " | pgl-

3P JAp.a}
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Assume that there are numbers k1, ..., ks and n > 0 such that K;(t) < k; for every j
and t > 0, and that the density and Fourier masses arising from the global coloring
satisfy

c—i—ZA]pT +Z/-i]mJT<co n
Jj=1 Jj=1

for every T > 2M. Then no such global coloring exists. More specifically, the contra-

diction is obtained for any
T > max {2]\/[ de}
Ui

Proof. The local hypothesis gives Ar > ¢. Since the measures v, 7 are nonnegative,
the kernel bounds give

Z/ th T S Zlijm]‘,T.

=1

Proposition 15 therefore gives Ar < ¢y — 1+ Cpa/T < ¢p, a contradiction. O

2.3. Analytic estimates. The preceding results reduce the later proofs to pointwise
estimates for finite linear combinations of the functions Q4(rt). We record here the
elementary bounds used outside bounded intervals. On bounded intervals, the later
proofs combine the derivative estimate in Lemma 10 with values checked at finitely
many points.

Lemma 17. The following estimates hold:

(i) |J5(x)| < 2/3 for every x € R.

(it) If x > 2, then |Jo(x)| < +/2/(7x).

(iti) If ¢ > 1 and t > 25, then |Jo(\/qt)] < 1/(6¢"*).
(iv) If ¢ > 1 and t > 100, then |Jo(\/qt)| < 5/(6v/tq"/*).
(v) If t > 0, then |Q3(t)| < 1/t.

(vi) If t > 0, then |Qu(t)| < 2/t.

(vii) If t > 10, then |Q(t)] < 30/¢3.

Proof. The integral representation Jy(x) = 7! [ cos(x sin #) df [26, Eq. 10.9.1] may
be differentiated under the integral sign, so |Jj(z)| < 2/7 < 2/3.

For (ii), put x = # — 7/4. The expansion and signed remainder theorem in [26,
Eq. 10.17.3 and Sec. 10.17(iii)] give

2

J =4/—(A B i
o(x) mc( (x) cos x + B(z) sin X),
where
A=1-— J + R B = 1 R,
N 12822 “ - 8z o

and 0 < R, < 11025/(98304z%), 0 < R, < 225/(3072x3). For x > 2, one has
0<A<1-9/(1282%)+11025/(98304x*) and 0 < B < 1/(8z). Thus it suffices to show
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that the squares of these two upper bounds sum to at most 1. With y = 272 < 1/4,
clearing denominators reduces this to

134217728 — 246153216y + 16934400y — 135056251° > 0,

which follows by replacing y by 1/4 in the two negative terms. Cauchy—Schwarz now
gives (ii).

Substituting « = /gt into (ii) gives |Jo(\/gt)| < ¢~V/*/2/(nt). Using 7 > 3 gives (iii)
and (iv). The formula 3(¢) = sin ¢/t gives (v), while the integral representation of .J; [26,
Eq. 10.9.2] gives |J1(t)] < 1 and hence (vi). Finally, |Q7(t)| < 15(t2 + 3t +3)/t> < 30/t
for t > 10. ]

For the checks on bounded intervals below, write u = 2%/4. If the series for Jy(z) is
truncated after the term with index N and u < (N + 2)?, then the successive tail terms
have ratio at most u/(N + 2)2. Thus the omitted tail satisfies

o) (_1)mum N+1 1

Z (m!)?

m=N-+1

S INF DRI/ (Nt 27

(2.5)

We will repeatedly use the following consequence of the mean value theorem: if |K’'| < D
on an interval and every point of the interval lies within h/2 of a checked point where
K < M, then K < M + Dh/2 throughout the interval.

At a rational sample point ¢, the series parameter u = ¢t>/4 is rational whenever the
squared distance g is rational, so the partial sum and the right side of (2.5) are rational.
When ¢ is irrational, we enclose it by rational endpoints and propagate the interval
through the series with outward rounding. The coefficient sign then selects the endpoint
used in an upper or lower kernel bound. The derivative estimates in the corresponding
proof extend the sample-point bounds between sample points. For the two planar
configurations W,(y/2) and P, the corresponding finite checks are summarized in
Appendix A. That appendix gives the finite sets of colorings and line-graph vertices,
exact arithmetic, rational interval bounds, and bounds for the omitted series terms
used in those checks.

3. PROOF OF THEOREM 1

3.1. The finite planar inequality. Let e, es € R? be unit vectors satisfying e; - ey =
1/2. For i € {0,1} and 0 < j < 8, put v;; = (i — 1/2)e; + (j — 4)ez, and set
P = {v; i€ {0,1}, 0 < j < 8}. We use the label ij for v;;. The formula gives
lvij| < V/73/2 for every vertex, which will be used in Section 3.2.

For i € {0,1} and s € {0,1,2}, put Py = {v;; : s < j < s+ 6}. These are
the six copies of ¢; used below, and they are all the copies of ¢; contained in P: a
unit-spaced progression in the triangular lattice has label difference (A7, Aj) satisfying
Ai? 4+ AiAj+ Aj? = 1, whose six possibilities are (£1,0), (0, +1),(1,—1), (=1, 1). Since
i € {0,1}, a progression of seven points must have Ai = 0 and |Aj| = 1, so it is one of
the sets P ;.
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F1GURE 1. The eighteen-point triangular-lattice strip P; all drawn edges
have unit length.

For a coloring Col : P — {R, B}, let r, be the red indicator and put b, = 1 — 7.

Define
peP peP
For each vertex p € P and unordered pair {p,w} C P, let ¢, and a,, = ay, be the
integer coefficients in the local inequality. The coefficients were chosen with a linear
program and rounded to integers; Lemma 18 checks the resulting inequality. Define

Vip = Z CpTps Erp = Z Ay TpT -

peP {p,w}CP

The eighteen values ¢, and the 153 values ay, are listed in Appendix B, so L is
explicitly defined.

Define
500 500
If the configuration has no red unit edge, then every pair term corresponding to
a unit pair vanishes. Also, Ng + Np = 18, so the first three terms in (3.1) are
—1000 + (500/9) - 18 = 0. Since the remaining coefficients and indicators are integers,

L is integer-valued.

Lemma 18. If a coloring of P has no red unit edge and none of the six sets P, s is
entirely blue, then £ > 1.

Proof. For a subset R C P, let Colg be the coloring whose red set is R, and write
rp(R) = 1g(p). Define

F(R) = Z cprp(R) + Z apgTp(R)rq(R).
peEP {p.qtcP

For Colg, one has N = |R| and Ng = 18 — |R|, so the first three terms in (3.1) cancel
and F'(R) is the value of £ on Colg.
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The unit pairs in the labeling 00,01,...,08,10,11,...,18 are
{'Uijvvi,j-i-l} for i € {07 1}7 0<y<7,
{U0j7/U1j} for 0 S] S 8,

{U[)javl,jfl} for 1 S] S 8.
Let A7 be the family of subsets R C P such that no unit pair is contained in R and
RNP,  # @ fori € {0,1} and s € {0,1,2}. The first condition excludes red unit
pairs, and the second excludes blue copies of /7. Thus it suffices to check F(R) > 1 for
R e As.

The finite check over A7 leaves 751 subsets. Substitution of the integer coefficients
from Appendix B gives F'(R) > 1 for every R € A7, which proves the lemma. O

3.2. Averaging the local expression. To compute the average of £, we now group
its pair terms according to squared distance. For integer pairs p = (i, ) and ¢ = (¢, '),
write Q(p —q) = (i —i')* + (i — ) (j — ) + (7 — J")*

Lemma 19. For vertices labelled by p,q € {0,1} x {0,1,...,8}, one has |v, — v |* =
Qp—a).

Proof. Write Ai =i —i" and Aj = j — j'. Since |e;| = |ea] =1 and e; - eo = 1/2, one
has v, — v,|? = (A7)? + AiAj + (AJ)* = Q(p — q). O

Suppose that a measurable coloring COL : R? — {R, B} contains no red £, and no
blue ¢7. Let r be the red indicator and put b = 1 —r. For 2 € R? and 6 € R, the
coloring induced on P is Col, g = (COL(x + pgv))yep. For T' > /73, set

1 27
L£(Col, 4) dz: .
27T|BT|/0 /BT (Col..p) dz

Every induced coloring satisfies Lemma 18, so Ar > 1.
Define

Ar =

Hp(t) = 681 — 489.1y(t) + 1035.J5(v/3t) — 669.Jy(2t)
+ 600.Jo(V/Tt) — 700.J0(3t) + 548.J(v/13t)
— 355.Jy(4t) + 441.Jy(V21t) — 105.J5(5¢)
+ 33905 (V/31t) — 114.J5(6t) — 139.Jo(V/43t)
+16J,(7t) — 90y (V/571), (3.2)
Hp(t) = 1000.
The distance-class data underlying this grouping are recorded in Appendix A.2.
Proposition 20. For every T > /73,

- 54734+/73

‘AT+1000— | Hr®) dvr(t) = [ Hp(t) duir(t) -

Moreover,

(3.4)

v 7([0,00)) + 14, 7(]0, 00)) = 1. (3.5)
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Proof. The patch has radius My = +/73/2. From the coefficients in Appendix B, the
absolute sums of the linear and quadratic coefficients are 1681 and 8562. Proposition 15
therefore gives the error

4 My 12My 54734+/73

—— 1681 2=
T 68—|—T856 T

The linear coefficient sums are 681 for red and 1000 for blue; the blue part has no
quadratic terms. Grouping the red pair coefficients by squared distance gives (3.2), so
Proposition 15 gives (3.4). Finally, the two measures have masses pr(r) and pr(b), and
r +b =1, which gives (3.5).

3.3. Bounds for the kernel. Put K = Hr — 1000. The finite interval calculation
used below is recorded in Appendix A.2.

Proposition 21. For every t > 0, one has Hr(t) < 1000.

Proof. Put K = Hr—1000. Appendix A.2 gives rational upper bounds for K on [0, 100],
together with a derivative bound that extends them between the checked points. Hence
K < 0 on this interval.

For ¢t > 100, the same appendix gives >, |A,l¢~* < 3600. Lemma 17 therefore
yields

5 | A,
Hg(t) <681 + —= 1 < 681 + 300 = 981 < 1000.
R(t) < 6ﬂzq:q1/4

OJ
Proof of Theorem 1. Choose T > 54734+4/73. This choice also satisfies T > /73, so

Lemma 18 and Proposition 20 give the following bound. This is the planar averaging
argument of Proposition 16: the local lemma supplies the lower bound, while the Fourier
proposition supplies the averaged upper bound.

04734~/ 73
— 7

Proposition 21, (3.3), and (3.5), together with positivity of the two measures, imply
Ap < 54734+/73/T. This is less than 1 when T > 547344/73, contradicting Apr > 1. O

1 < Ap < —1000 + / " Ha(t) (1) + / " Hy(t) dvgar(t) +
0 0

4. PROOF OF THEOREM 2

4.1. A quadratic expression on a nine-point patch. Let e;,es € R? be unit
vectors with ey - ey = 1/2. Put v;; = (1 — 1)e; + (j — 1)ey for 0 < 4,5 < 2, and let
A= {Uij -0 S ’L,j S 2} We label Vi by ’Lj

FIGURE 2. The nine-point triangular-lattice configuration A.
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For integer pairs p = (i,7) and ¢ = (¢, 7'), put Q(p—q) = (i —i')* + (i —")(j — j') +
(7 — 72 Then |v;; — viyr|* = Q((i,5) — (i, 5')). The nonzero squared distances in A
are 1,3,4,7,12. The copies of ¢35 used below lie in the three unit directions (1,0), (0, 1),
and (1,—1).

Let G be generated by o(i,j) = (j,7) and 7(i,j) = (2 — 14,2 — j). It has four elements
and preserves the configuration and its distances. Its vertex orbits are

representative ‘ orbit ‘ size
00 {00, 22} 2
01 {01,10,12,21} | 4
02 {02,20} 2
11 {11} 1.

The action on unordered pairs has thirteen orbits. Let Oy and Op denote the vertex
and pair orbits, respectively. For U € Op, let d(U) be the common squared distance of
the pairs in U.

For a coloring with colors G, R, B, define g = 1g and s = 1z — 15. Thus ¢?> = ¢, s*> =
1 — g, and gs = 0. For a vertex orbit O and a pair orbit U, put [g]o = [O]7! X yec0 9(v)
and

1
99l = 751 {vvw}EUg(v)g(w),
1
[ss]ly = — s(v)s(w).
"0 e

A red-blue swap fixes g and changes the sign of s. At one vertex, the relations ¢? = g,
s2 =1— g, and gs = 0 reduce every quadratic monomial to a linear combination of 1,
g, and s; averaging over the swap removes s. For two distinct vertices, the same swap
removes the terms containing one factor s, leaving only gg and ss. Averaging over G
then makes each remaining coefficient constant on a vertex or pair orbit.

Define

L(Col) = =196+ > colglo+ > (aU[gg]U + bU[SS]U)a
0Oy Ueop

where the integer coefficients are the entries in Tables 6 and 7.

By construction, £ is invariant under the symmetry group G of the configuration: each
orbit average is unchanged by the action of G. It is also invariant under interchanging
red and blue, since this fixes g, sends s to —s, and the expression contains s only
through products s(v)s(w).

Lemma 22. Let V = {0,1,2}?, and define
E={{p.q} CV:Qp—q) =1},
s ={(p,p+u,p+2u) :u e {(1,0),(0,1), (1L, - },p,p+u,p+ 2u € V}.

Let Az be the set of colorings ¢ : V. — {G, R, B} for which no pair in & has color RR
or BB, and no triple in I3 has color GGG. Then |As| = 304, and 4L(c) > 0 for every
c € Az, with equality for at least one coloring.
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Proof. The set & contains the 16 unit pairs in the configuration, and Z3 contains the
7 copies of {3 in the three unit directions (1,0), (0,1), and (1,—1). For a coloring
satisfying these local restrictions, put g, = lip)=gy and s, = 1ip)=ry — 1{c(p)=B3. Then

460
Fle)=4L(c)= — T84+ > 0] > 9%
0eOy peO
+ Z U| (GJU Z gpgq+bU Z SPSQ) :
UeOp {p,q}€U {p.a}el

The orbit sizes are 1, 2, or 4, so 4/|0| and 4/|U| are integers; also g,,s, € {—1,0,1}.
Thus 4L(c) = F(c) is integer-valued. There are 304 colorings satisfying the local
restrictions, and substitution gives F'(¢) > 0 for each of them. U

Lemma 23. If a coloring of A contains no red {5, no blue 5, and no green {3, then

L>0.

Proof. The condition that no red or blue unit pair occurs is the condition that no pair
in & has color RR or BB, because Q(p — q) = 1 lists every unit pair of A. Likewise,
the stated definition of Z3 lists every three-point unit-spaced collinear copy of /3 in A.
Hence the coloring belongs to A3, and the preceding lemma gives 4L > 0. U

4.2. Averaging the local expression. Suppose that a measurable coloring of R?
contains none of the three configurations in Theorem 2, and apply the same definitions
of g and s pointwise. For x € R? and 6 € R, let Col, 4 be the coloring induced on

x + pe\, and set
1 27
L(Col, ) dx db.
27| Br| /0 /BT (Colzp) de
Lemma 23 gives Ay > 0.

Grouping the coefficients by squared distance gives

Ar =

H,(t) = — 603 — 1050Jo(t) + 1610.Jo(v/3t) — 1152.J5(2t)
+1000.Jo(V7t) + 375.J0(V/12t), (4.1)
H(t) = — 442J,(t) + 138Jo(V/3t) — 12.J5(2t)
+ 300Jo(V/7t) + 20015 (V12t). (4.2)
Proposition 24. For every T > 2+/3,
’AT+ 196 — [ Hy (1) dvgr(6) — [ H,(0) dvir (1) < 1342;2\/3 (4.3)
Moreover,
vy 1([0,00)) + vs1([0,00)) = 1. (4.4)

Proof. Every point of A has norm at most v/3. The absolute sums of the linear and
quadratic coefficients are 2599 and 10323, respectively, so Proposition 15 gives the error

4 12 134272
—f 92599 + —\/— 10323 = 3;\@
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The vertex coefficients sum to —603, and grouping the pair coefficients by distance
gives (4.1)—(4.2); hence (4.3). Pointwise g + s> = 1, so Lemma 11 gives (4.4). O
4.3. Bounds for the kernels.

Proposition 25. For every t > 0, one has Hy(t) < 193 and H,(t) < 193.

Proof. On [0, 25], Appendix A gives H,(t;) < 180 and H,(t;) < 46019/250 at t; = j/400.
Lemma 17 and the chain rule give ||H}|[ < 30452/3 and |[H{||c < 4415/2 on this
interval. The mean value theorem then gives

30452/3 46019 ~ 4415/2

H,(t) < 180 < 193 H,(t) < < 193.

(1) R0 ’ ®) 250 T 800

For t > 25, Lemma 17 and (4.1)—(4.2), using 37%/4 < 10/13, 47%/* < 5/7, 7-Y/* < 5/8,
and 12714 < 5/9, give H,(t) < 55 and H,(t) < 143. O

Proof of Theorem 2. Choose T' = 100000. The measures v, 7 and vsp are nonnegative,
so Propositions 24 and 25, together with (4.4), give the following chain. This is another
application of Proposition 16, with the nine-point local inequality providing the lower
bound and the two kernel estimates providing the upper bound.

0< Arp
o0 o0 134272/3
< —196 +/ Hy dvyr —i—/ Hy dvsr + T\/_
0 0
134272/3

< —196 + 193(ug,T([0, 00)) + v, 7([0, OO))) +

134272
L

T

< 0.

Here 134272+/3 < 300000, so the final inequality holds for the chosen T'. This contra-
diction proves Theorem 2. O

5. PROOFS OF THEOREMS 3—6

5.1. Line inequalities and averaging. The four proofs begin with the same finite
directed-graph lemma.

Lemma 26. Let G = (V, E) be a finite directed graph, assign a real weight w: E — R
to each edge, and let ¢ : V — R satisfy

w(u,v) + ¢(u) — ¢(v) = 0
on every edge, then every directed path vy, ...,vN satisfies

N

—1
U}(Uj, Uj+1) > ¢(UN> - ¢(U0>'
=0
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Proof. For a directed path vy, ..., vy, summing the edge inequalities gives
N-1
0< (U)(Uja vj+1) + A(v;) — ¢("Uj+1))
j=0
N-1 N-1
=3 wvp,vn) + X (6(0;) = $lv1))
j=0 j=0
N-1
= > w(v;,vj41) + ¢(vo) — d(vn).
7=0
Rearranging gives the stated inequality. U

The function ¢ records the contribution of the current local pattern. When the local
inequality is summed along a line, all intermediate values cancel and only the two
endpoint values remain. The averaging argument below is the same cancellation with a
boundary error.

For a red-blue coloring, let r = 1z and s = 1z — 1. Here w € S*! is a unit direction
vector, so x + Rw is the line through z in direction w. On this oriented line, write
r; = r(r + jw) and s; = s(z + jw). If there is no red ¢, and no blue ¢,, then the
binary sequence (7;);ez contains neither the consecutive string 1* nor the consecutive
string 0°. In the {—1, 1}-encoding, the absence of a monochromatic ¢, says that no four
consecutive signs are equal.

The graph vertices below are represented by binary sequences. Thus, in the ({4, ¢4)

case, put
i ;L ! € {0,1}.
The sequence ¢ - - - €3 avoids the forbidden consecutive patterns unless it is 0000 or 1111,
while the signed variables in W4 are obtained from the same sequence by s; = 2¢; — 1.
In the other three cases the entries are already the binary values used by r;.

Let @ = {34, 35,36,44}. For q € @, define F;, and m, by

Ej:Tj:

q ‘ Fy ‘ myq
34 | {111,0000} 3
35| {111,00000} | 6
36 | {111,000000} | 6
44 | {1111,0000} | 4

A finite binary sequence avoids Fj, when it contains no member of F; consecutively.
Define the vertex and edge sets by

V, ={u€{0,1}™ : u avoids F,},
and
511 = {(u7v) € Vg : Up - Umg—1 = V0" " Umg—2, }

Up ** * Upy—1Um,—1 avoids Fy

Thus forbidden consecutive patterns are excluded both from the vertex set and from
the length-(m, + 1) sequence associated with an edge. The direction u — v moves one
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position to the left and appends the next color, so it records adding one point along
the oriented line.

The sequence length is chosen so that the forbidden patterns and every entry in the
local expression are determined by one edge. A coloring of an oriented line therefore
gives a directed path in the corresponding graph. The resulting numbers of vertices
and edges are recorded in Table 1 in the appendix. For an allowed edge, define

W34 = 47”0 -1 37’07”1 — 27”07’2,
W35 =—6 + 287"0 — 20T07“1 — 14T07"2 — 37“()’/’3 — 47’0T4 + 27’0’/“5 + 27“07“(5,
W36 = —2 + ]_17”0 — 97"07“1 — 57‘07”2 — 27”07”4 — ToT's + ToTe,

W44 =-1- 65081 — 48082 — 28053 + SoS4.

Here 7; and s; are the colors at the successive points of the length- (m, + 1) sequence
associated with the edge. The expressions are chosen so that their averages over all
translated and oriented lines involve only the correlations listed below. The four expres-
sions and accompanying vertex potentials are the integer data recorded in Appendix B.
The four potentials are listed there explicitly for every vertex in the corresponding set
V,. Only these listed values are used below.

Proposition 27. For each q € Q, let ¢, : Vy — Z be the potential listed in Appendiz B.
Every allowed edge (u,v) € &, satisfies

Wy(u,v) + ¢g(u) — ¢4(v) > 0.

In the four cases, this is

Wiy + ¢34(u) — ¢p3a(v) >0 ((u,v) € &),
Wis + ¢35(u) — ¢35(v) > 0 ((u,v) € Es5),
Wag + ¢36(u) — ¢3s(v) > 0 ((u,v) € Esg),
Wit + ¢aa(u) — daa(v) = 0 ((u,v) € Eaa).

Proof. For each ¢, set
0q(u, v) = Wolu, v) + ¢g(u) — dg(v).

For example, in the ({3, ¢4) graph the edge 000 — 001 is associated with the sequence
0001, so

W34(0001) = —1, 034(000,001) = —1 + ¢b34(000) — ¢b34(001) = —1 +0 — (—1) = 0.

Substituting the integer data from Appendix B gives o,(u,v) > 0 for every allowed
edge in each of the four graphs. O
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Define

Lsyr = 4pr(r) — 1 = 3C, 1(r) — 2Cy 1 (1),
Lss = —6+ 28pr(r) —20C, r(r) — 14Co (1) — 3Cs. (1)
—4Cy (1) +2C5 1(r) + 2Cs (1),
Lssr = =2+ 11pr(r) — 9C1 7(r) — 5Cop(r) — 2Cy 1 (r) — Cs5.7(r) + Co (1),
Lyr=—1—-6C,71(s) —4Csr(s) — 2Cs7(s) + Cy7(s).

Proposition 28. For ecach q € Q, put M, = max,ey, |¢,(u)|. Extend the potential
from the finite vertex set to all binary sequences of length m, by

- _Je(2), z€V,
¢q(z) = {0’ . ¢ V.

where z € {0,1}™s. and then to R™ by

(I)q(yOa s 7qu—1) = &q(l{yo>l/2}7 BRI 1{qu_1>1/2})-

Thus @, is bounded and measurable on R™, with |®,| < M,; in particular it satisfies
the boundedness hypothesis of Lemma 12 on the relevant cube. If the corresponding two
monochromatic lines are absent, then, for T > 1,

Mquq
T .

Proof. Fix q and (z,w). In all four cases let z; = r(xz+ jw); in the (4, ¢4) case this is the
binary sequence z; = ¢€;, and the signed variables in W4 are recovered from s; = 2z; — 1.
The avoidance assumption implies that every length-m, sequence encountered along
the line belongs to V,, and that every length-(m, + 1) sequence associated with an
edge contains no forbidden pattern. Hence the successive vertices form a directed path
in the graph. Apply Proposition 27 to the edge corresponding to the length-(m, + 1)
sequence beginning at x, and average this inequality over By x S%~1,

The normalized averages of 79, rorg, and sosi are, by definition, pr(r), Cyr(r), and
Cr.r(s). The remaining two terms are the averages of

D, (zo(:c, W),y Zmg—1(, w)) — &, (zl(a:, W),y Zm, (T, w))

The shift by one point along the oriented line is the source of this boundary term. The
second part of Lemma 12, applied to the bounded extension ®,, bounds its absolute
value by M,Dgy,/T. Removing it leaves the stated lower bound. 0

Lq,T - =

For the next proposition, fix a finite nonempty set K of positive integers, real numbers
a,b, and real coefficients (cx)rer. Let 7 = 1x be a measurable red indicator, write

p=pr(r) and fr =r —pr(r), and set

S = ch,

keK

H(t) = Z Cde(l{Zt).

keK
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Define
L.r:=a+0bp+ Z cxCrr(1).
keK
Let pyr be the centered-indicator measure associated with fr in Lemma 14. For a
signed coloring s = 1z — 1p, define
szT =a-+ Z Cka,T(S)
keK

and let v5 p be the measure associated with sy from the same lemma. Both measures
are nonnegative, with masses p(1 — p) and 1, respectively.

Proposition 29. For T' > max K, there are errors E,r and EST such that

L7 =a+bp+ Sp +/ ) dppr®) + Evr, |Enr| < 2D Z |k,
keK

sT —a‘l’/ stT )+ES,T7 |E Z |Ck|k
keK

Proof. By Lemma 14, for each k € K there is an error Ey(T") such that, for 7' > max K,

CkyT(T) = p2 + /OOO Qd(kt) dﬂf,T@) + Ek<T),

2Dqk
|EW(T)] < =2
Multiplying by ¢ and summing over K, using the definitions of L, r, S, and H, gives
LT—a+bp+Sp +/ d/LfT >+ZCkEk(T>
keK

Set Err = Y per kEx(T). The triangle inequality gives

|E7“T| < Z |Ck|k’

keK
If r is replaced by s = 1z — 1p, the second formula in Lemma 14 gives, for each k € K,

ij(s) = /Ooo Qd(kt) dV&T(Zf) + Ek(T),

~ Dgk
B(T)| < =,
and summing after multiplication by ¢ yields
sT—CH-/ t) dvs 1 ( )‘i‘zckék(T)a
keK
where Es 1 = Y ek ckEk(T). The triangle inequality gives the stated bound. O

Proposition 30. With the notation of Proposition 29, suppose a finite directed graph
has vertices u, edges u — v, and a function ¢ on its vertices. Assume that the edge
inequalities have the form W (u,v)+¢(u) —p(v) > 0, so that summing along a line gives,

Jor every coloring avoiding the target configurations, one of the bounds L.p > —=5*
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or Lsr > —% for some kyor > 0. Let B € R satisfy H(t) < B for allt > 0. In the
red-indicator case, assume that

a+bp+Sp*+Bp(l—p)<-n (0<p<1)

for some n > 0. In the signed-function case, assume instead that a + B < —n. Then
the corresponding measurable coloring cannot exist. Define the averaging-error constant

2Dy Y |cklk, in the red-indicator case,
Foave = keK
& Dy > |exlk,  in the signed-function case.
keK

The contradiction follows for

T > max {maxK,lM}.
n

Proof. In the red-indicator case, Proposition 29, the positivity of ps 7, and its mass
p(1 —p) give

Kay Kay
Ly <a+bp+ Sp* + Bp(1—p) + Tg < —n 4 2k

The signed-function case is the same calculation with the mass-one measure v, r:

K K
Lir<a+ B+ 28 < —n+ 28
Tsa -+ —+ T = n + T
For the stated range of T', either upper bound is smaller than the lower bound supplied
by the directed-graph argument. 0

For the four coefficient vectors, put

Hy(t) = —3Q4(t) — 204(21),

Hss(t) = —20Q4(t) — 14Q4(2t) — 3Q4(3t) — 4Q4(4t) + 24 (5t) + 2€24(61),
Hze(t) = =97 (2) — 507 (2t) — 2Q7(4t) — Q7(51) + Q7(6t),
Hy(t) = —6Q4(t) — 4Q4(2t) — 2Q4(3t) + Q4(48).
Proposition 31. For everyt > 0,
7 59
H34(t) < E, H35(t> < %7
2 9
H36(t> < 5, H44(t) < E

Proof. Table 4 gives the checked values, spacings, and derivative bounds on [0, 6], [0, 25],
[0, 10], and [0, 25], respectively. The mean value theorem gives

E)—-nt-zg—il <:;Z— Hjs(t) < 1169 +_9§, - < %9
100 ' 210000 ~ 10’ 3 500 ' 24000 20’
309 95 1 p) 887 1 9

% ‘ Ho(t 19 2
1000 T 8 20000 = 5 ) < 7500+ %3000 < 10

Hsy(t) <

Hs(t) <
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On the complementary ranges, Lemma 17 applied termwise gives

Haa(t) < 4/t < 2/3 (t > 6),
Has (1) < §(20+124+§+4 g 2)<23 (t > 25),
H36(t)_ig<9+;+j+;+gg><§ (t > 10),
H44(t)§i(6+;l+§+i> 190 (t > 25)

U

For the quantitative estimates below, the integer potentials in Proposition 27 have
the bounds on their absolute values in the M, column of the following table. The
last two columns record the boundary constants supplied by Propositions 28 and 29,
respectively.

case ‘ Dy, ‘ M, ‘ Sk lcqrlk ‘ kPO ‘ Ko'®
34 | 24| 3 7 72 336
35 | 64 | 30 95 1920 | 12160
36 | 896 | 13 38 11648 | 68096

44 |1 64 | 14 24 896 | 1536

Here £P°" and x2'® are the constants from the potential argument and the averaging esti-
mate, respectlvely We have IipOt M,D,,; for the first three rows /{Z‘Vg =2Dg, >k \Cq kK
Whlle for the last row the factor 2 is absent because the coloring is encoded by s.

To make the last step explicit, write p = pr(r). In the first three cases, Proposition 29
and positivity of pyr allow the integral of H;; to be replaced by its upper bound times
p(1 — p). The sums of the correlation coefficients are —5, —37, and —16, respectively.
Substitution of the bounds from Proposition 31 and completion of the square give

Layr < —?g (pT—;llzlf—Q;;)‘F?ﬁ(ja (5.1)
2

Lasr = = 72909 (p T 1651998) - 6255)20 * 12;60’ (5:2)

Lasr < —852 (pT - 15674) 121110 + 68;967 (5.3)

Lyr < —110 + 15;)6 (5.4)

For the last line, the measure associated with s has mass 1, so Lyyr < —149/10 +
1536/T.

The next four proofs apply Proposition 30. The edge inequalities give the lower
bounds, while (5.1)—(5.4) give the corresponding Fourier upper bounds.

5.2. Proof of Theorem 3.
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Proof. Assume for contradiction that a measurable red-blue coloring of E® contains no
red /5 and no blue ¢,. The lower and upper bounds are
I D T}
T T 2280 T
They would force

o (72+336) 2280 _ 930240
= 71 71

contradicting a choice of T" above this threshold. This proves Theorem 3. U

5.3. Proof of Theorem 4.

Proof. Assume for contradiction that a measurable red-blue coloring of E* contains no
red /3 and no blue /5. The lower and upper bounds are

1920 < T < 359 N 12160
T =TS 639200 T
They would force
T < (1920 + 12160) - 63920 _ 899993600
- 359 359
contradicting a choice of T" above this threshold. This proves Theorem 4. U

5.4. Proof of Theorem 5.

Proof. Assume for contradiction that a measurable red-blue coloring of E” contains no
red /3 and no blue /5. The lower and upper bounds are

11648 31 68096
=Tt T
They would force

< (11648 4 68096) - 1640 _ 130780160

T
- 31 31 ’
contradicting a choice of T" above this threshold. This proves Theorem 5. U

5.5. Proof of Theorem 6.

Proof. Assume for contradiction that a measurable red-blue coloring of E* contains no
red /4, and no blue ¢,. The lower and upper bounds are
86,1 150
/e T A

They would force
T < (896 + 1536) - 10 = 24320,

contradicting a choice of T above this threshold. This proves Theorem 6. U
The following two planar proofs use Proposition 16. In each case the finite local

lemma gives the lower bound for the averaged expression, and the kernel estimate gives
the upper bound.
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6. PROOF OF THEOREM 7

The finite patches used in the two planar polygon arguments are shown in Figure 3.
Solid and dashed polygons indicate the two copies of the configuration; the labels agree
with those used in the proofs.

FIGURE 3. The finite planar patches used for Wy(v/2) and Ps.

6.1. The finite square—center inequality. Let
vo = (0,0), v1 = (1,0), vy = (0, 1), v3 = (—1,0),
Vyq = (0,—1), Vs = (2,0), Vg = (1,1), Uy = (1,—1)
The two copies of W,(y/2) have index sets By = {0,1,2,3,4} and B, = {1,5,6,0,7}.

Within this eight-point configuration these are the only copies of Wy(v/2). Since x; = 1
denotes red, a blue copy is therefore the vertex set B; on which every z; is zero. Thus,
in the presence of the no-red-unit-pair condition, avoiding a blue Wjy(1/2) is equivalent

to requiring that each of By and B; contain a red point. The unit-distance pairs among
these points are & = {01,02,03,04, 15,16, 17,26,47}, where ij denotes the unordered
pair {i,7}.

Put a = 1/1000. For z € {0,1}®, define

Fw

4

(\/5)(1:) =1l—a+a(xg+x;+ 22+ 23+ 25 +26) — T4 — X7
— ToT1 — TpTo — ToT3 — ToTg — AToT5 — AToTg + ToT7
— ar1Ty — AT1T3 + T1T4 — T1XT5 — T1Tg + a1 27
— AT9T5 + Tokg + Loy — AT3T5 — AT3Tg + T3T7
+ T4T5 + 46 + T4T7.
Lemma 32. Suppose that x;x; = 0 for every ij € &4 and that each of By and B,
contains an inder i with x; = 1. Then Fy, 5 (z) > 1.
Proof. The finite set of binary colorings satisfying the local restrictions is
xiz; = 0 for every ij € &,
A=z e{0,1}": inzland in21
i€Bo i€B1

Enumerating the 2® binary colorings gives |A| = 37. Evaluating the integer numerator
1000Fyy, (3 (x) on this set gives the values 1000 for 33 colorings, 2000 for two colorings,
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and 2001 for two colorings. Hence the corresponding values of .7:W4(\/§) are 1, 2, and
2001/1000. Hence Fyy, (5 (z) > 1 for every such vector. O

6.2. The averaged kernel. The squared distances and the corresponding sums of the
quadratic coefficients are

lvi —v?| 1 2 4 5 9
> Bij ‘ a—4 2—2a —2a 4—2a -—a.
Thus the radial kernel is
Ky(t) = (a—4)Jo(t) + (2 — 2a)Jo(V/2t) — 2a.Jo(2t) + (4 — 2a)Jo(V/5t) — aJo(3t).
Proposition 33. For every t > 0,

997

Proof. At t = 0 equality holds. For 0 <t < 1/10, write
(c1,c9,C4,C5,09) = (a — 4,2 — 2a,—2a,4 — 2a, —a).
The constant term is

> ¢y =2-6a
q

and the coefficient of #? in (2 — 6a) — Ky(t) is

1 1 1997
1 ijch = Z((a —4) +2(2 — 2a) + 4(—2a) + 5(4 — 2a) + 9(—a)) = 00
Using
i mqthm
m=0 4m m' 7
the Bessel series gives
1997 (—1)mgme*™
2 —6a) — Ky(t) = —t> + Byt —_—
( a) 4( ) 400 + 4( )a Zcq mz2 4m(m|)

Since gt?/4 < 9/400 and, for m > 2, successive absolute terms have ratio at most 1/400,

[Ea(t)] _ 2 400
2 = 64 §:| lt” ) 599

2 400
:éz@y-@+4@—2@+1m%y+%@—2@+8mxw9
56027 400
= 500 - 6400 399
_ 1097
400

Thus K4(t) < K4(0) on (0,1/10]. On [1/10,12], the rational interval calculation in
Appendix A, together with the derivative bound | K| < 16, gives K4(t) < 1991/1000 <
997/500.
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For t > 12, Lemma 17 gives

2
K<y 2 > ) = (012 - 20 20,420, -)
s

ge{1,2,4,5,9} 4
The lower bounds 24 > 19/16, 41/4 > 7/5, 51/4 > 149/100, and 9*/* > 17/10 give the
sum on the right as less than 42/5. Since 7 > 3 and /18 > 211/50,

42/5 420 997

Kt Al
Kl < 35 <511 < 500

O

Proof of Theorem 7. Assume that a measurable coloring has no red unit pair and no
blue copy of W,(v/2). Let r be the red indicator, put p = pr(r), and set fr = r — pp(r).
The local lemma gives Ay > 1. Expanding Fy, 3, (p+ fr) and applying Proposition 15
gives

Ap =1—a+ (6a —2)p+ (2 — 6a)p® + /0 Ky(t)dpsr(t) + Er,

where 1y has mass p(1 — p). Here 3, |o;| = 1003/500 and 3=, |B;;| = 1751/125.
Since the points have norm at most 2, centering changes the linear coefficient sum by
at most 23", |5;;], and therefore

Proposition 33 then gives
Ar <1—a+ (6a—2)p+ (2—6a)p* + (2 — 6a)p(l —p) + |Er| =1 —a+ |Er|.
Thus A7 < 1 for T > 576368, contradicting Ay > 1. ]

7. PROOF OF THEOREM &

7.1. The finite pentagon inequality. Put
1 R ( 2ry . 27Tj)
= u; = cos —=,8in —= |, s = u; — up.
2sin(m/5)" 7 > 57 5 )7 ! 0

The two copies of P5 have vertex sets

Rs

BO = {u07u17u27u37u4}7 Bl = {UO + S, U1 + S, U2 + S, Ug + S, Ug + S}'

After identifying the common point uy + s = wuy, label the nine distinct points by
Vg, . .., Vg in the order

V; = Uy (0§Z§4), ’U4+j:Uj+S(]_§j§4).

The identity up + s = u; gives the common point. There is no other common point: a
chord of this regular pentagon of length 1 is a side, and the five oriented side vectors
are distinct, so u; —u; = u; — ug forces (¢,5) = (1,0) (with indices taken modulo
5). Within the two pentagons, the side pairs are (0, 1), (1,2),(2,3),(3,4),(4,0) and
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(1,5),(5,6),(6,7),(7,8),(8,1). For completeness, the calculation for pairs joining the
two pentagons uses

5+5

R =
5 10

o — (uy + s)|2 = |u; —uj —wy +u0|2,
and

2r /6 —1 4 VB4

cos0 =1, cos— =
5)

4 Py T Ty
For i € {0,1,2,3,4} and j € {1,2,3,4}, the unit pairs joining the two pentagons are
(Zv.]> = (17 1)7 (17 4)7 (27 2>7 (37 3)7 (47 4)‘

The first two are already the translated-pentagon sides (1,5) and (1, 8); the other three
give (2,6),(3,7), (4,8). Thus the complete unit-pair list is

& =1(0,1),(0,4),(1,2), (1,5), (1,8), (2,3), (2,6),
(3,4),(3,7),(4,8),(5,6),(6,7),(7,8)}.

The corresponding index sets are
In=10,1,2,3,4}, I, = {1,5,6,7,8}.

Write z; = 1 when v; is red and z; = 0 when it is blue. A coloring with no red unit
pair and no blue copy of P5 must satisfy

Tyl =0 for (Z,j) 685,
[E0+931—|-{B2+1'3—|—$421,
$1+I5+JZ6+I7+I821.

The first condition excludes red unit pairs. The last two conditions say that each

pentagon contains a red point; otherwise that pentagon would be an all-blue copy of Ps.
For z € {0,1}°, define

-FP5 (33') = —76 + Z o;T; + Z ﬂijl‘il'j,
i i<j
where the coefficient vector and the upper-triangular matrix (/3;;) are listed in Table 12

in the appendix.

Lemma 34. If no pair in & is simultaneously red and each pentagon contains a red
point, then Fp, > 1.

Proof. For & = (xo,...,xs3) € {0,1}", consider the vectors for which z;z; = 0 for
(i,7) € &s, Z?:o r; > 1, and x1 + x5 + ¢ + 7 + x3 > 1. There are 42 such colorings,
and substitution into the polynomial gives Fp, (x) > 1 for each of them. O
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7.2. The pentagon kernel. There are 36 quadratic pairs, but eight have zero coefficient.
Computing the squared distances of the remaining 28 pairs in Q(+/5) and grouping
their coefficients gives

squared distance ‘ number of nonzero-coefficient pairs coefficient sum

35
2f 3 200
1 13 —1048
5_2¢5 2 100
3+/5
+2f 10 —385.

Every nonzero quadratic coefficient occurs in one of these four classes; the eight zero
coefficients contribute nothing. Hence these are the only squared distances with nonzero
coefficient sum, and all other distance classes disappear from the kernel. Consequently,

3—V5
2

Ks5(t) = 200.J, ( t) — 1048.Jy(t)

+100.J, ( > _2\/5 t) — 385, ( 3 +2\/5 t) .

Proposition 35. For every t > 0, K5(t) < 393.

Proof. On [0,12], Appendix A gives K5(7.) < 389 at the midpoints of a grid with
spacing 1/200, and | K| < 15949/12. Hence the mean value theorem gives
15949

K, Y :
a(t) <389+ — o < 393

For t > 12, put ¢ = (3 —/5)/2, g3 = (5 — v/5)/2, and ¢4 = (3 + v/5)/2. Lemma 17
gives |K5(t)] < 4/2/(mt) ¥, |ci\qi_1/4 for the four terms in K5, with g = 1. The bounds

4 39 e 2T 127
> — > — > —
q1 507 qs 257 4y 100
give 3 |eslg;* < 1701. Since m > 3.14 and t > 12, \/2/(wt) < 5//471, and therefore
|K5(1)| < 392 < 393. O

Proof of Theorem 8. Assume that a measurable coloring has no red unit pair and no
blue copy of Ps. Let r be the red indicator, put p = pr(r), and set fr = r — pr(r). The
local lemma gives Ar > 1. Proposition 15 gives

Ay = —7T6 + 285p — 1133 +/O Ks(t) dpgr(t) + Er,

where 177 has mass p(1 — p). Since Y, |a;| = 623, 3, | 3| = 2163, and the patch has
radius less than 2, Proposition 15 gives |Er| < 91504/T. Using Kj < 393,

91504 1055 91504
< — + :
T — 1526 T

Ap < —76 + 678p — 1526p +
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where the last inequality follows by completing the square. At T" = 200000 the right
side is negative, contradicting Ay > 1. O
8. PROOF OF THEOREM 9
8.1. The three-cube inequality. Put e = (1,0,0) and define
vo = (0,1,0), wo = (0,0, 1),
v = (0,1/2,v3/2), wy = (0, —v/3/2,1/2),
vy = (0,—1/2,V3/2), wy = (0, —V/3/2,—1/2).

For r € {0,1,2}, put C, = {ae + bv, + cw, : a,b,c € {0,1}} and let P = Cy U C; U Cy.

The definitions give e - v, = e - w, = v, - w, = 0 and |e| = |v,| = |w,| = 1. Thus, for

each r, the vectors e, v,, w, form an orthonormal basis, and C, is the vertex set of a

unit cube. The three cubes share the edge {0, e}, and their union P has twenty points.
Consider the Euclidean isometries

T(x,y,2) = (1 —x,y,2)
Vi1 ﬁ)

o(x,y,2) = (xa Ty YT oh TRy R

and

and write G = (7, 0).
Label the points by

po =0, P1 = Wo, P2 = o, P3 = Vo + wo,

D4 = €, D5 = €+ W, D6 = €+ o, pr = €+ vy + wo,
Dg = wy, D9 = V1, Pio = V1 + W1, P11 =€+ wi,

Pi2 =€+ V1, pi3z=e+v+w, puu= W, Dis = V2,

Di6 = U2 + W2, P17 = €+ Wa, Dig = €+ V2, P19 = €+ U2+ Wa.

The following classification is needed because the six pairwise distances do not
by themselves characterize a square in three dimensions. For example, the points
Do, P1, P4, ps have four unit pairs and two pairs at distance v/2, but

V3

det[p1 — po, Ps+ — Po, Ps — Po] = —5 # 0.

They are noncoplanar and form a copy of 7.

Lemma 36. Let X C E3 have four pairs at distance 1 and two pairs at distance v/2.
If the two pairs at distance /2 are disjoint, then X is a unit square; if they share a
vertex, then X is isometric to T .

Proof. If the two v/2-pairs are disjoint, label them {x1, 23} and {z5,24}. After translat-

ing the midpoint of z173 to the origin, r3 = —x; and |z1|> = 1/2. Since each of x5, 24
is at distance 1 from both z; and z3, we have z; L x5, 24 and |x5]? = |z4]*> = 1/2. The
relation |xo — x4|* = 2 then gives x4 = —1y. Thus X = {+x, 2o} with z; L x5 and

21| = |22] = 1/v/2, so X is a unit square.
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If the pairs share a vertex, label the points 0, a, b, ¢ so that |a — b| = |b — c| = V/2.
The other four distances are 1, so the Gram matrix of (a, b, ¢) is

1 0 1/2
0 1 0|,
1/2 0 1

which is also the Gram matrix of eq, eg, %el + §e3. A Gram matrix records all inner
products after the common base point has been fixed, so two such lists of vectors are
related by an orthogonal map on their spans; that map extends to an orthogonal map
of E3. Thus Gram matrices determine the configuration up to Euclidean isometry, and
X is isometric to T . O

On the labels, the generators act as
o= (115)(214)(3 16)(5 18)(6 17)(7 19)(8 9)(11 12),
7=(04)(15)(26)(37)(811)(9 12)(10 13)(14 17)(15 18)(16 19).

Lemma 37. The set P has twenty points. Among its four-point subsets there are
twenty-two copies of S and twenty-four copies of T. Moreover, G has order four,
preserves P, and has fifty-siz orbits on the unordered pairs of points of P.

Proof. All coordinates lie in Q(v/3). Appendix A.3 records the six squared distances

for each of the (24?) four-point subsets. It identifies forty-six subsets whose six squared

distances, counted with multiplicity, are {1,1,1,1,2,2}. Among these, the two pairs
at squared distance 2 are disjoint in twenty-two cases and share a vertex in twenty-
four cases. Lemma 36 therefore identifies these cases as twenty-two copies of § and
twenty-four copies of T.

For a,b,c € {0,1}, the formulas defining 7 and o are

7(ae + bv, + cw,) = (1 — a)e + bu, + cw,,

while ge = e, (ovg, owy) = (we,vs), (ovy,0w;) = (wy,v1), and (ovy, cws) = (wo, Vo).
Thus 7 preserves each C., while o exchanges Cj and C5 and preserves C; both maps
preserve P. They are commuting Fuclidean involutions, neither is the identity, and
T # o since 7 changes the first coordinate whereas o fixes it. Thus G has order
four. The induced action on the (220) = 190 unordered pairs has 2 orbits of size 1, 14

orbits of size 2, and 40 orbits of size 4. Hence there are 56 pair orbits, accounting for
2-1+14-2440-4 =190 pairs. 0]

Index the pair orbits by Oy, ..., Oss in the order of the representatives in Appendix B;
this row order is the definition of the indices. For a coloring encoded by s : P — {—1,1},
define X;(s) = X, poreo, 5(pu)s(py). Let a; be the corresponding integer coefficient.
Thus X;(s) is the sum of the products s(p,)s(p,) over the pairs in the orbit in row j of
Appendix B, and a; is the coefficient in that same row. The symmetry reduction gives

Lols) = 10100 (—35608 iy ajxj(s)) | (8.1)

j=0
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The four-point subsets in the local check are those whose six squared distances,
counted with multiplicity, are {1,1,1,1,2,2}. Both a unit square and 7 have these six
squared distances, and Lemma 36 says that every subset with these distances is one
of these two configurations. Hence the forty-six forbidden subsets are the twenty-two
copies of S and the twenty-four copies of 7 from Lemma 37.

Lemma 38. Ifs: P — {—1,1} contains neither a monochromatic copy of S nor a
monochromatic copy of T, then Ls(s) > 1.

Proof. Let R = {p € P : s(p) = 1} be the red set. Among the 2%° subsets R C P, keep
those for which no one of the forty-six forbidden four-point subsets is contained in R or
in P\ R. There are 47946 such subsets. Substitution of the integer coefficients from
Appendix B gives the numerator at least 1000 in each case, and hence Lg(s) > 1. O

We now average the local inequality. Suppose that a measurable red—blue coloring
of R? contains neither a monochromatic unit square nor a monochromatic copy of
T,and put s = 1 — 1g : R> — {—1,1}. For z € R3 U € SO(3), and p € P, put
Seu(p) = s(x + Up), and define

1
A :—/ / Lo(spy)dzdU,
r | Br| Jso@s) JBr s(ssu) do

where dU is the probability measure on SO(3) invariant under rotations. Lemma 38
gives

Ar > 1. (8.2)
For each squared distance ¢ occurring in P, define
B, = Z 10jla;.

0<;5<55
|pu —Pv |2:q on Oj

The coefficient sums B, are listed in Table 17 in the appendix. In particular, 3, |B,| =
620268. Define

Ks(t) = 10100 (—35608 +> BQs( g t)) . (8.3)

Proposition 39. There is a nonnegative measure vy, on Fourier radii of mass 1 such
that

Ap = /0°° Ks(t) dvn(t) + O(T).

ForT > 2\/5,

o0 401844+/3
— <
‘AT /0 Ks(z)dus,T(w’_ —

Proof. Take v, from Lemma 11. For a fixed pair p,,p, € P, the substitution y =
x + Up, gives

[, st Updste+Up)de= [ sly)s(y +Ulpo =) du.

(8.4)
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Let A= Br+Up, and C = By N (Br — U(p, — pu)). Since |pal, [po| < /3, both A and
C' contain By_, ;5 and are contained in By s; in other words,
Br o 53C ANC C By, 35
Thus

[AAC] _ (T+V3)P = (T-2v3)° _9v3 _24V3
|Br| — T3 - T - T
The difference between the normalized integrals is therefore at most 24/3/T. Averaging
over U and applying Lemma 11 gives

1 oo
—/ / s(z+ Upy)s(x + Up,) dedU = / Q3(|pu — polt) dver(t) + O(T™H).
|Br| Jso@) /By 0

Each pair in the orbit O; carries the same coefficient a;. Therefore the sum of the
absolute coefficients over individual pairs is

55 55
o> el =104 ayl.

From the coefficient data,
55

> 105 |a;| = 669740.

j=0
Consequently, after the factor 1/1000 in (8.1), the total boundary error is at most
24+/3 - 669740/(1000T) = 401844+/3/(25T). Substituting the pair identities into (8.1)
and grouping terms by the fourteen squared distances gives (8.3). Finally, s* = 1

pointwise, so .

vs7([0,00)) = Brl Ja s(z)?dr = 1.
O
8.2. Bounds for the kernel.
Proposition 40. For every t > 0, one has Kg(t) < 191/400 < 1.
Proof. Appendix A.3 gives the interval bound
Ks(j/1000) < 2530 (8.5)

on the grid with spacing 1/1000 in [0,40]. Every squared distance in (8.3) is less than 9.
Lemma 10 gives [Q25] < 1/2, so the chain rule gives [Kg(t)| < (1/2000) 3>, | B,|\/q < 931.
If 0 <t <40, choose j with |t — 7/1000] < 1/2000. The mean value theorem and
(8.5) give Ks(t) < 3/250 + 931/2000 = 191/400.
Now suppose ¢ > 40. The smallest squared distance in the kernel is 2 — /3 > 1/4, so
every corresponding distance is greater than 1/2 and every argument /gt is greater
than 20 > 2. Thus the large-argument estimate |23(u)| < 1/u from Lemma 17 applies

and gives
35608 2620268 < 22973 191

Ks(t) < — _l o
< "To00 T 10006 = 5000 ~ 400
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Proof of Theorem 9. Suppose that a measurable red-blue coloring of R? contains neither
a monochromatic unit square nor a monochromatic copy of 7. Equation (8.2) gives
Ap > 1. On the other hand, Proposition 39, the positivity and unit mass of v, 1, and
Proposition 40 give
Ay < 191 N 401844\/3
400 25T
Since Ay > 1 while 1 — 191/400 = 209/400, the upper bound is less than 1 whenever

401844+/3 209 401844 - 400 6429504
— < ——=T1T> ——V3=—V3.
25T 400 25-209 V3 209 V3

This contradiction proves Theorem 9. O

9. LINEAR PROGRAMS

The finite inequalities above were found with linear programs. We record the
formulations because they make the role of the coefficients transparent. The LPs are
used to choose real coefficients; after rounding, the proofs use the resulting rational
or integer data. The local inequalities are then checked on the finite sets of colorings
and sequences, while the bounds for all ¢ > 0 follow from the analytic estimates in the
proof sections. The objective in each LP is to maximize a gap § between the local lower
bound and the averaged upper bound.

We count scalar inequalities and equalities separately; a two-sided bound on a variable
contributes two inequalities. For each LP, let N denote the finite set of kernel sampling
conditions used in its construction. In the planar quadratic LPs an element of ' may
include the density parameter as well as the frequency. The sampling sets for the main
kernel constraints are

N = {j/400: 0 < j < 40000}, N; = {j/400: 0 < j < 10000},
Nag = {j/5000: 0 < j < 30000}, 55 = {4/2000 : 0 < j < 50000},
Nig = {5/10000 : 0 < j < 100000}, Ny = {j/2500: 0 < j < 62500},

Ns7 = {j/1000: 0 < j < 40000}.

For W4(v/2) and Ps, write Nw.(vs) and Np, for the finite sets of sampled (p,t) pairs
used in their quadratic LPs. Their cardinalities, together with the dimensions and
scalar constraint counts of all nine LPs, are recorded in Appendix A. The sampled
constraints are used only to select the coefficients; the proofs use the rounded data and
the separate analytic checks below.

9.1. Planar quadratic inequalities. We first describe the common planar setup. Let
V' be a finite point set, let By,..., By C V be the local copies of the target configuration,
and let E be the set of forbidden unit pairs. Write r, € {0, 1} for the indicator that v
is red. The allowed local colorings are the vectors r = (r,),ev satisfying

rury = 0 for {u,v} € E, ZTU21for1§z'§s.
vEB;
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The first condition excludes a red unit pair, and the second says that each local
copy has a red point, so that it is not all blue. For LP coefficients ¢, a,, and b,, = b,
consider

E(T) =c+ Z AyTy + Z buvrurv-

veV {u,w}CV

For a measurable global red indicator, write p = pr(r) and fr = r — pp(r). For
0 < p < 1, normalize the measure on Fourier radii associated with the centered function
fr by its mass p(1 — p). At a fixed frequency t, the contribution of the term 7,7, in the
rotationally averaged correlation is

P>+ p(1 = p)Jo(ju — vlt).

The full average integrates this expression against the normalized nonnegative measure
on Fourier radii; it is not obtained by evaluating it at a single frequency. If p = 0 or
p = 1, the centered measure is zero and the pair contribution is simply p®. Since the
measure is nonnegative, pointwise bounds in p and ¢ are enough. Here J; is the Bessel
function of order zero. Thus the averaged expression is

H(pt)=c+pY av+ Y bu(p®+p(1—p)Jo(lu—vlt)).
veV {u,w}CV

The corresponding LP has variables 6§, ¢, (ay)vev, (buv ) {u,v}cv and objective maximize 0,
subject to

maximize )

variables 8, ¢, (ay)vev, (buv) fuprcv

subject to L(r) > 1 for every allowed coloring T,
E(p, t) <1 -4 for every sampled pair (p,t),
0<d<100,

lc], |ay], |buw| < 100.

The coefficient of each variable is fixed by the local geometry and the chosen samples.
For W4(v/2) and Ps, the point sets have respectively 8 and 9 points, so the quadratic
LPs have 2 + 8 + (2) =38and 2+ 9+ (g) = 47 variables, respectively. Their numbers
of allowed colorings and kernel inequalities are given in Table 5.

The eighteen-point and nine-point planar inequalities use the same principle, with
symmetry and color indicators reducing the number of variables. For the eighteen-point
configuration, let Nz and Np count red and blue points, and let A; be the set of

colorings with no red unit pair and no blue copy of ¢;. For variables z, and y,, = Yuu,
define

= 500 500
£7(T) = —1000 + ?NR + ? B+ varv + Z YuvTuTv,
v {u,v}
Hp(t) =1000 + Y 2, + 3 yuodo(Ju — vlt),
v {uv}

Hp(t) = 1000,
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The two indicator measures make the averaging behind this formulation explicit. If p
is the red density, then, apart from the boundary error,

Arg = —1000 + /O Hy(u) dvyp(u) + /O Hp(u) dvpr(u) + O(TY).
The corresponding centered (p,t) expression, after the constant linear terms cancel, is

H?(p7 pzxv +p Z Yuw +p 1_ Z yquO |U_U|t)
{u,v} {u,v}
The two measures in the preceding average have masses p and 1 — p. The LP below
optimizes only the red kernel Hp against the fixed reference value Hp = 1000. This is
the pointwise kernel bound used in the proof, while the expression above records its

relation to the full average.

The LP is
maximize ¢

variables 9, (%y)ver, (Yuv){upicp
subject to  L7(r) > 1 for r € Az,
Hp(t) <1000 — 0§ for t € N-.

This LP has 172 = 1 + 18 4 153 variables and 751 local inequalities. The number of
kernel inequalities is given in Table 5; the remaining range ¢t > 100 is covered by the
Bessel estimate in the proof of the eighteen-point kernel proposition.

The nine-point three-color LP has variables §, four vertex-orbit coefficients, and
thirteen coefficients for each of two types of pair sums, for a total of 31 =1+4+13+13
variables. If A3 denotes the 304 colorings satisfying its local conditions, its local
expression is

L3 =—196 + > zolglo + Z(yy[gg]U + zU[ss]U>,

with averaged expressions

= %:L’O + ;ijo(\/d(Uﬂ),
t) = %ZUJO(\/d(U)t).

In terms of the two measures, the averaged expression is
Ayr = —196+/ 1) dv, 2 (t +/ £) dv,7(t) + O(T),

and the two nonnegative measures have masses whose sum is 1. Thus H, and H; are

the two averaged kernels, including the constant term in H ; the LP optimizes their

common pointwise upper bound rather than a separate densfcy parameter.

The LP is
maximize 5

variables ¢, (zo
subject to £3(

Jo, (yv)u, (zv)u

> 0 for r € Az,
<196 — ¢ for t € N3,
<196 — 0 for t € Ns.

g(t
Hy(t

s
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The LP has 31 =144 + 13 + 13 variables and 304 local inequalities. The number of
kernel inequalities is given in Table 5. The common bound for H, and H; is needed
because the two associated measures have total mass 1.

9.2. Linear programs for the line graphs. For the four higher-dimensional line
results, the finite object is a directed graph of allowed local sequences rather than a
point configuration. Let 7, be its directed edge set, with initial and terminal vertices

u(z) and v(z). The LP variables are the coefficients in a local expression W,, the
potential values ¢,(u) on the vertices, and the gap d,. The local constraints are

Wq(2) + 6q(u(2)) = §4(v(2)) 2 0 for = € T,
The four local expressions used in the LPs are

Wsa(r) = =1 4 asaro + C3417071 + C34,27072,
6

Wias(r) = —6 + agsro + > Ca5.kT0Tks
k=1

Wgﬁ(?“) = —2 + asgTo + Z Cgﬁ’kTo’f’k,
ke{1,2,4,5,6}

4
W44(8) =—-1+ Z C44 kS0Sk-
k=1

Writing €2, for the spherical averaging function in dimension d, put p = pr(r) and
fr = r —pr(r). The associated kernel expressions are H,(t) = >\ cqx€2q,(kt). The

fixed local constants and the linear terms are not part of ﬁq. For ¢ = 34, 35, 36, the full
averaged expression has the form

Eq,T =y + Bep + qu2 + /0 ﬁq(t) dppr(t) + o),

where

q ‘ g By S
34|-1 4 -5
35| —6 28 —37
36| -2 11 -16

and ppp has mass p(1 — p). For ¢ = 44, the signed-function identity is
24471“ =-1 + /[) E44(t) dl/s,T(t) + O(T_l), and 1/57T<[0, OO)) = 1.

Thus these line LPs optimize only the pointwise kernel bounds ﬁq(t) < B, — 9, for
t € N,. The polynomials in the color density in the first display are handled separately
by completing the square in the theorem proofs; the LP does not optimize those
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polynomials over p. The sample sets and upper bounds are

q‘dq‘ B,
34] 3 | 7/10
35| 4 [59/20
36| 7| 2/5
44| 4 | 9/10

For definiteness, impose the bounds
—100 < §, < 100, |a,l, |cqx| < 100, ]ng(u)\ < 1000.

The variable a, is omitted when ¢ = 44. These bounds make the LP bounded; the
proofs use only the rounded coefficients and potentials.

For each row ¢, choose a vertex u; and impose the normalization ggq(u;) = 0. The
four LPs can then be written together as

maximize 4,

variables &4, a4, (Cqk)ks (qzq(u))u
subject to W,(2) + ¢q(u(2)) — dg(v(2)) > 0 for z € Ty,
Hy(t) < B, — 6, for t € N,
¢Q<u2> =0,
~100 < 4, < 100,
‘C}Vq’a |Cq | < 100,
|g ()] < 1000.

In the ({4, ¢4) row, the variable a, is omitted. The numbers of variables and all scalar
constraint counts are collected in Table 5; the sample sets N, are specified above.
The rounded variable coefficients are

q ‘ Qq ‘ (Cq,k)k

341 4 (—3,-2)

35| 28 (—20,—14,-3,—-4,2,2)

36 |11 | (=9,-5,—2,—1,1) for k =1,2,4,5,6
44 | — (—=6,—4,—-2,1).

The corresponding integer-valued functions ¢, complete the four rounded inequalities.

The local and kernel checks use the rounded data, not the numerical solutions of the
LPs.

9.3. The square—tetrahedron LP. The square-tetrahedron LP uses signs s, €
{=1,1} on the twenty-point configuration and groups the 56 pair terms into orbits
under the configuration symmetries. For each orbit, let X;(s) be the sum of the products
of the signs on its pairs. The local expression and its averaged kernel are

55 N 55
ES,T(S) =c+ Z ijj(S), Kgﬂ’(lf) =c+ Z \(9]|bj§23(\/q_jt)
7=0

J=0



42 RYAN HOFF, GARY HU, AND YUMO LIU

Let As7 be the set of the 47946 sign colorings s : P — {—1,1} that avoid both
monochromatic configurations. The LP is

maximize (5

variables ¢, (bj)o<j<ss

subject to ES 7(s) > 1for s € Asr,
Ksr(t)<1—6forteNsr,
|c] <50 and |b;] < 50 for 0 < j < 55.

These are the colorings that avoid the twenty-two four-point subsets forming squares
and the twenty-four four-point subsets forming copies of 7, as classified by the three-cube
geometry lemma.

It has 58 = 1 4+ 1 + 56 variables. There are 47946 allowed sign colorings, and the
dimensions and scalar constraint counts are given in Table 5. The bounds on ¢ and the
b; only make the LP bounded; they play no role in the mathematical statement.

10. FURTHER CONSEQUENCES AND OPEN PROBLEMS

10.1. Further consequences. The same local inequalities also give finite-ball versions.
For R > 0, let B4 = {x € E¢ : |z| < R}. For finite configurations X,..., X, C E%
write B4 —, (X4, ..., X,) if every measurable coloring B¢ = C; U -+ - U C, contains,
for some ¢, an isometric copy of X; all of whose points lie in C;.

Corollary 41. The following eight finite-ball relations hold with the indicated radii:

Bf —m (b2, b7) if R > $59\/73,
B} = (L2, 0o, l3) if R > 13275, /3
B} —m (63, Ly) if R > %853,

le% _)m (63’ 65) Zf R > 8958)95754
3}7z —m (U3, 0g) if R > 130?38346
By = (04, 4y) if R > 24324

B% —, (6, Wy(v/2)) if R > 576370,
B}, = (Ca, Ps) if R > 200002.

Moreover, if R > 6433513 3, every measurable two-coloring of B3 contains a monochro-

matic copy of S or a monochromatic copy of T .

Proof. Repeat the corresponding averaging proof over B, extending the color indicators
by zero outside B%. It is enough that every translated local configuration used in the
average remain inside B%. Thus we may take T'= R — p, where, in order, the required
values of p are Y= \/_ 3,3,6,6,4, 2,2, and V3. The first two values are the radii of the
planar patches; the next four are the largest shifts along the local line; the two polygon
patches have radius at most 2; and every point of the square-tetrahedron patch has
norm at most \/§
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The corresponding arguments give contradictions whenever

134272 930240
T > 54734V73, T > V3, T
899993600 130780160
T>—— T>——— T>2432
> TR > a1 , > 24320,
6429504
T > 576368, T > 200000, T > W\@'
Adding the corresponding value of p gives the stated radii. 0

Corollary 42. For each of the first eight relations among the nine theorems above,
every measurable coloring has a color class containing infinitely many pairwise disjoint
isometric copies of the corresponding configuration. Moreover, every measurable two-
coloring of B3 contains infinitely many pairwise disjoint monochromatic copies of at
least one of S and T .

Proof. For one of the first eight relations, choose infinitely many pairwise disjoint balls
with a radius satisfying its finite-radius bound. Restrict the coloring to each ball and
apply Corollary 41, after translating the ball to B%. Each ball then contains one of
the finitely many color—configuration pairs (i, X;). By the pigeonhole principle, one
such pair occurs in infinitely many balls. The corresponding copies are pairwise disjoint
because they lie in pairwise disjoint balls.

For the square—tetrahedron result, use balls with the corresponding finite radius.
Each ball contains a monochromatic copy of S or of 7. There are only four choices of
color and configuration, so one choice occurs in infinitely many balls. The corresponding
copies are pairwise disjoint. [

10.2. An explicit polygon obstruction. The general distance-avoiding-set theorem
of Currier, Mody, Xie, and Zhang has an implicit constant in fixed dimension. Their
planar argument for lines, however, keeps the relevant constants explicit. The same
argument gives the following auxiliary obstruction for regular polygons.

Proposition 43. Let Py be the regular N-gon of side length one. For every integer
N > 6800,

E2 e (KQ,PN).

Proof. Fix an integer N > 6800. We construct a periodic coloring with no red copy
of 5 and no blue copy of Py. We use the periodic cell construction of [10]. We first
record the two estimates from that construction that will be used below. If M > 4
affine hyperplanes are given in R*, the number of their sign patterns, with zero signs

included, is at most
50M\*
(4) . (10.1)

This is the degree-one case of Theorem 2.3 of [10]. We also use the following form of
Janson’s inequality. If Xi,..., X,, are indicator variables with a dependency graph,
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and
p=> EX;
A =) E(XiX)),
i~]
0= max Z EX;,
where the sum defining A is over unordered];airs, then
P (Z X, = O) < exp(—,u + Ae%). (10.2)

See Janson [22, Theorem 2].

Let A be the lattice generated by (1 — ¢)(3/2,0) and (1 — £)(3/4,v/3/4), where
0 < e < 1/100. Its Voronoi cells are regular hexagons of diameter 1 — e < 1, and the
shortest nonzero vector of A has length (1 —€)y/3/2 > 1/2. Set L = 3N and work on
the torus E?/LA. Fix a total order on the finitely many cells of this torus, for example
the lexicographic order induced by a chosen set of lattice representatives. Replace each
closed Voronoi cell D by

D*=D\ | D
D'<D

The sets D* form a measurable half-open partition. Thus every point on a cell
boundary is assigned to the <-least incident cell.

For a cell D, let z(D) be the set of other cells whose distance from D is at most
one. The hexagonal geometry gives |z(D)| = 18. Choose each cell independently with
probability p = 1/27, and color D red if it was chosen and none of the cells in z(D) was
chosen; color all remaining points blue. Extend this coloring periodically to E2. If two
points at distance one lay in red cells, their cells would be distinct and at distance at
most one, contradicting the rule defining the red cells. Thus there is no red copy of /5.

We next count the sets of cells that can contain a copy of Py. Since L times the
shortest vector length is greater than N + 1 and diam(Py) < N — 1, the vertices of
every copy of Py on the torus lie in distinct cells. Choose a centered fundamental
parallelogram Py. Its radius is less than 7N/2: the distances from its center to its
vertices are L(1 — )y/21/4 and L(1 — £)v/3/4, and 3/21/4 < 7/2. Lift a copy so that
one vertex lies in Fy. Every lifted vertex, together with its cell, then lies in the ball of
radius bV about the origin.

The walls of these hexagonal cells lie in three families of parallel lines, with adjacent
lines in each family at distance at least 1/3. Consequently, the walls meeting the ball
of radius 5N lie on at most 100N lines.

Fix two adjacent vertices qi, ¢ of a labeled copy of Py. For either orientation of the
polygon, every other vertex has the form

G =q+a(qp—q)+bJ(@e—q),

where J(z,y) = (—y,z) and a;, b; depend only on Py and the chosen orientation. Each
wall therefore gives an affine hyperplane in the four coordinates of (g, ¢2). Across all
N vertices there are at most 100N? such hyperplanes. Their sign pattern determines
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the assigned cell of every vertex: zero signs identify the incident cells when a vertex lies
on a wall, and the fixed tie-breaking rule then selects the <-least one. By (10.1), the
number of such sets of cells for either orientation is at most

4
50 - 100N?2 _ 5is16 8
— )
Thus the total number of such sets of cells is at most
2°510 N8, (10.3)
It remains to bound the probability that one fixed set of cells is all blue. Write
sin(kmw/N)
sin(mw/N)
for the distance between vertices separated by k sides. For z = 7/N,

ds(N) =5 —20sin’ x + 16sin* z < 5.

dp(N) =

Moreover, since N > 19 gives 6x < 1 and = < 1/6,

in(6
ds(N) = Sl;i? > 6 — 3622 > 5,

where we used siny >y — y?/6 for 0 <y < 1 and sinz < x. The distances increase
with k£ up to N/2, so each vertex has at most ten other vertices at distance less than
five. The N pairs of adjacent vertices have distance one and cannot both lie in red cells.
Hence, among all dependent pairs, at most 4N can have a nonzero joint red event.

Let X; indicate that the cell containing the ith vertex is red, and put a = (1 — p)*8.
If two vertices are at distance at least five, the sets of cells determining their red events
are disjoint. A common cell would, by the triangle inequality and the fact that every
cell has diameter less than one, place the two vertices at distance less than five. Thus
the relation ¢ ~ j defined by distance less than five is a dependency graph.

For a fixed set of cells, EX; = pa. If a nonadjacent dependent pair is red, both cells
must be chosen and all cells in the union of their two z-sets must be unchosen; therefore
E(X;X;) < p*a. It follows that

p = Npa,
A < 4Np?a,
0 < 10pa.
Applying (10.2) gives
PX;=---=Xy=0)< exp(—Npa +4Np?a e20pa). (10.4)

We now make the numerical bound rational. For p = 1/27,

506958 e (26)18 - 506959
106 27 106 7
20a 939
— <.
27 2500
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The exponential series, with its tail bounded by a geometric series, gives

(20027 26: (939/2500) (939/2500)7 73
o 7! 7! (1 —939/20000) ~ 50
Consequently,
0506958 4506959 -73 67045159 147

. 4 2 20pa < = — < — .
pa+4dpTae 27106 97250 . 10 4556250000 10000

Combining this with (10.4), the probability that a fixed set of cells is all blue is at most
exp(—147N/10000).
Let Z be the number of sets of cells from (10.3) that are all blue. Then
147N>
10000/

The logarithm of the right-hand side is decreasing for N > 6800, since its derivative is
8/N — 147/10000 < 0. At N = 6800, the following elementary logarithm bounds hold:

3466 3219 88247

These rational estimates follow from log((1 + 2)/(1 — 2)) = 245022/ (2k + 1),
bounding the remaining positive tail by a geometric series. They give
249539 - 4991

2500 50 °

EZ < 2°5'° N8 exp (—

log(2°5'96800%) <

whereas

147-6800 2499 4998

10000 25 50
Thus EZ < e 70 < 1 when N = 6800. Since the upper bound is decreasing for
N > 6800, the same inequality holds for every such N. For the fixed integer N, choose
the random cells so that Z = 0. The resulting periodic coloring has no blue copy of Py
and no red copy of ¢5. This proves the proposition. 0

10.3. Open problems. The results suggest three broad questions.

Problem 1. Can the measurability assumption be removed from the results of this paper?
Equivalently, do all nine Ramsey relations proved here hold for arbitrary colorings? In
particular, is the relation in Theorem 1 true without the measurable hypothesis?

Problem 2. Can the gaps between the known positive and negative results be narrowed?
In particular:
(i) does B? —, ({,{g) hold?
(7i) can any of the dimensions in Theorems 3-6 be lowered?
(iii) does B3 —, (S,S) hold?
(iv) does B? —, (b9, P;) hold?

Problem 3. Can the finite-ball relations in Corollary 41 be proved with smaller radii?
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APPENDIX A. FINITE CHECKS

The coefficient data are recorded in Appendix B. The finite local inequalities are
checked by enumeration. On bounded frequency intervals, the programs evaluate the
relevant series with rational arithmetic (planar and line cases) or outward-rounded
interval arithmetic (square-tetrahedron case); derivative bounds extend the checked
values between sample points.

A.1. Finite local checks. The local checks are exhaustive and use only the rational
or integer data in Appendix B; they do not use the numerical solutions of the LPs. For
the eighteen-point configuration, enumerate the red subsets R C P satisfying the local
restrictions and evaluate the integer polynomial

F(R) = Z cprp(R) + Z apgTp(R)rq(R),

peEP {p,q}cP

after the constant terms cancel. There are 751 allowed subsets, and evaluating F'(R)
gives F'(R) > 1 for every one of them.

For the nine-point three-color configuration, the local restrictions leave 304 colorings.
With g = 15 and s = 1z — 15, evaluating the integer expression F' = 4L from the
preceding lemma gives F' > 0.

For the four line graphs, the allowed binary sequences have lengths 3,6, 6,4. Their
forbidden consecutive patterns and the numbers of vertices and edges are as follows. Join

case |forbidden consecutive patterns | vertices | edges

(L3, 04) 111, 0000 7 12
(L3, 05) 111, 00000 41 73
(L, C6) 111, 000000 43 78
(L4, 04) 1111, 0000 14 2%

TABLE 1. Sizes of the four finite line graphs.

two sequences when their overlapping entries agree and the resulting lengthened sequence
contains no forbidden pattern. Substituting the integer potentials in Appendix B gives
W, + ¢4(u) — ¢g(v) > 0 for every resulting edge.

For W4(v/2), the local restrictions leave 37 binary colorings, and the integer numerator
1000Fyy, (3 is at least 1000 on each of them.

For Ps, the local restrictions leave 42 binary colorings; substituting into the stated
integer polynomial gives minimum 1.

A.2. Bounded-interval check for the (/5,¢;) kernel. The distance classes con-
tributing to Hp are listed below. Here m, is the number of unordered pairs at squared
distance ¢, and A, is the sum of their coefficients. The two remaining squared distances,
64 and 73, have coefficient sum zero and do not appear in Hg.

To verify the estimate on the bounded interval, let

Q=1{1,3,4,7,9,13,16,21, 25,31, 36,43,49, 57}, K(t) = =319+ > _ A, Jo(\/q1),

qeQ
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_alme| Aq
1| 33| —489
3| 15] 1035
4 | 14| —-669
71 13| 600
91 12| -700
13| 11 548
16| 10| —-355
21 9| 441
251 81 =105
31 71 339
36| 6|/—114
43| 5| —=139
49 4 16
571 3| =90

TABLE 2. Distance classes and coefficient sums for Hg.

where the values A, are listed in Table 2. Evaluate the Bessel series with rational interval
bounds successively at rational left endpoints. If K is the resulting rational upper
bound for K (t;), choose the next rational endpoint so that K;" < 0 and D(t; 1, — t;) <
—K;" /2, where the rational derivative bound is
35046648006
~ 3000000

The finite calculation reaches t;, = 100 and gives K;” < 0 at every left endpoint. Hence
|K'| < D implies
K

K{t) <K +D(t—t)< 2 <0 fort; <t <ty

so K(t) < 0 on [0,100].
For the large-t estimate, rational lower bounds for the fourth roots give
S A g < 3600.
qeQ

For the other checks involving J, on bounded intervals, rational interval evaluation at
the grids below give the stated finite bounds. For Ky, the four grid spacings 1/500,
1/100, 1/2000, and 1/100 are used on [1/10,1], [1,3], [3,4], and [4, 12], respectively.

kernel | range | grid spacing | finite bound
H, | [0,25] 1/400 H,(t;) < 180
H, | [0,25] 1/400 Ho(t;) < 46019/250
K, |[1/10,12] | four spacings above | K4(t) < 1991/1000
Ks | [0,12] 1/200 Ks(t;) < 389

TABLE 3. Finite bounds for the checks involving J; on bounded intervals.

The bounds in the table extend to the full intervals by the derivative estimates in
the proof sections. The rational interval evaluations use the Bessel-series bound (2.5)
and the analogous spherical series estimate in Lemma 10.
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kernel | interval | grid spacing | bound at grid points | derivative

Hsy | [0,6] 1/5000 | H34(t;) < 69/100 |Hj, | <7/2
Hss | [0,25] 1/2000 | Hss(tj) < 1469/500 | |HS5| < 380/(37) <
95/2

Hss | [0,10] | 1/10000 | Hsg(t;) < 399/1000 | |Hjg| < 95/8
Hy | 0,25] | 1/2500 | Hu(t;) < 887/1000 | |Hj| < 32/7 < 12

TABLE 4. Sample-point bounds and analytic derivative bounds for the
four line kernels.

The LPs only choose the coefficients. The proofs use the rounded rational or integer
data recorded in Appendix B and the finite arithmetic checks described above.

A.3. Finite checks for the square—tetrahedron configuration. The geometric
and local counts in Section 9 follow from arithmetic in Q(v/3). Represent a + bv/3 by
(a,b), with addition and multiplication given by

(a,b) + (¢,d) = (a+ ¢,b+d), (a,b)(c,d) = (ac + 3bd, ad + bc).
For the labelled points py, ..., pig, compute d;; = |p; — p;|*. For each I € ({0"‘4’19}),
check whether the six values d;; with 4,5 € I, i < j, form the multiset {1,1,1,1,2,2}.
If the two pairs with value 2 are disjoint, the subset is a square; if they meet, it is a
copy of T. The resulting counts are

quantity | count

distinct points 20

four-point subsets with this distance pattern 46
squares 22

copies of T 24

by Lemma 36.
The group G = (7, 0) has order four. Its action on the unordered pairs is obtained
from

O(i, j) = {{min(g(s), 9(5)), max(g(i), 9(j)} : g € G},

and a calculation gives the following orbit-size distribution:

orbit size |1 2 4 |total
number of orbits |2 14 40 56
pairs accounted for | 2 28 160 | 190

The representatives and the associated distances and coeflicients are listed in Appen-
dix B.

The local restrictions leave 47946 sign colorings. Substituting the integer coefficients
from Appendix B into the local expression gives 1000Lg > 1000 for each of them.
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For the kernel check, use the grid ¢; = j/1000 on [0, 40]. Outward-rounded interval
evaluation gives the following upper bounds:

range interval upper bound

0<t;<5b 3/250

5<t; <10 —11
10<t; <15 1/100
15 <t; <20 —17
20 <t; <25 —22
25 < £; < 30 —21
30 <t; <35 —22
35 < t; <40 —25

In particular, every sample point satisfies (8.5); the derivative estimate in the proof
extends the bound to the intervening intervals.

A 4. Linear-program sizes. Table 5 records the dimensions and scalar constraint
counts of the nine linear programs. The columns labelled local, kernel, and variable
bounds count scalar inequalities; the equality column counts scalar equalities; and total
constraints is their sum. A two-sided variable bound contributes two scalar inequalities.

LP variables local kernel equalities variable bounds total constraints
(€2, 07) 172=1+18+153 751 40001 0 0 40752
(€2, 02, €3) 31=14+4+134+13 304 20002 0 0 20306
(s, £4) 11=14+14+247 12 30001 1 22 30036
(€3, 05) 499=141+6+41 73 50001 1 98 50173
(€3, ls) 50=1+14+5+143 78 100001 1 100 100180
(€4, 04) 19=1+4+14 26 62501 1 38 62566
(b2, W4(V/2)) 38=2+8+28 37 2126 0 76 2239
(€2, Ps) 47 =249+ 36 42 2140 0 94 2276
ST 58 =1+ 1456 47946 40001 0 114 88061

TABLE 5. Dimensions and scalar constraints of the nine linear programs.

APPENDIX B. COEFFICIENT DATA

This appendix records the coefficient values used in the finite local inequalities.
Together with the definitions and finite checks in Appendix A, these data make the
finite inequalities independent of the LPs.

The ordering conventions are fixed as follows. In the nine-point configuration, order
point labels lexicographically and take the lexicographically least label in each vertex
orbit, or the lexicographically least ordered pair in each unordered pair orbit, as its
representative; the table rows follow that order. In the eighteen-point configuration, use
the point order 00,01,...,08,10,11,...,18; the rows and columns of each coefficient
array are indexed by 0,1,...,8, and the squared-distance table is in increasing order.
For the square-tetrahedron configuration, the orbit O; is the orbit represented in row j
of the table below, and that row order defines the indices used in Xj, a;, and B,.
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B.1. The nine-point inequality. The group acting on the nine-point configuration
has four vertex orbits and thirteen orbits of unordered pairs. Each pair orbit is
determined by the representative in the table by applying the four symmetries of the
configuration.

representative orbit size squared distance ay bu

00,01 4 1 —998 2

00,02 4 4 —1000 0

00,11 2 3 500 150

representative orbit size coefficient co 00,12 4 7 1000 300
00 2 952 00,22 1 12 375 200
o : e 01,02 1 1 —446  —894
02 5 908 01,10 2 1 2 502
11 1 —345 01,11 4 1 444 948
01,12 2 3 662 —12

TABLE 01,20 4 3 448 0

6. Nine-point 01,21 2 4 —264 —12
vertex-orbit 02,11 2 1 —52 —1000
02,20 1 4 112 0

coefficients.

TABLE 7. Nine-point pair-orbit coefficients.

B.2. The eighteen-point inequality. The first table gives the sum of the pair
coefficients at each squared distance. The next table gives the vertex coefficients,
followed by the three arrays containing all pair coefficients.

q | 1 3 4 7 9 13 16 21 25 31 36 43 49 57 64 73

multiplicity mq 33 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1
coefficient sum A, | —489 1035 —669 600 —700 548 —355 441 —105 339 —114 —-139 16 —-90 O O

TABLE 8. The squared-distance multiplicities and aggregated pair coeffi-
cients.

The vertex coefficients are

p |00 01 02 03 04 05 06 07 08
cp,| 0 =54 —-54 —-16 -2 15 —46 —1 26
p(10 11 12 13 14 15 16 17 18
cp | 18 =16 —52 1 18 =23 —44 =53 O

For the pair coefficients, write
00 _ '
5k = A(0,5),(0,k)>
11 _ ‘
Aj = A(1,5),(1,k)
01 _ ‘
s = A(0,5),(1,k)-

The two within-column upper-triangular arrays and the cross-column array are as
follows. A dash denotes an unused diagonal or lower-triangular entry.
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j\k‘o 1 2 3 4 5 6 7 8 ]\k‘O 1 2 3 4 5 6 7 8
0 |- -100 0 0 0 0 0 0 0 0 |- 100 -38 -52 -52 -49 -43 5 O
1 |- —-100 -2 -11 -12 14 -16 11 1 |- —100 -57 -77 -46 -13 -12 0
2 |- - —-100 -54-100 -58 -22 -43 2 |- - —100 -77 -100 -57 20 O
3 |- - - - -100 -95 -100 -60 -55 3 |- - - —100 -95-100 -12 O
4 |- - - - - -100 -87 -92 -58 4 /- - - - - 100 -60 -10 O
5 |- - - - - - -100 -63 -58 5|- - - - - 100 1 O
6 |— - - - - - - -100 -42 6 |- - - - - - 100 O
7 |- - - - - - — — 100 7- - - - - - —100
N 8- - - - - - - -

TABLE 9. The coefficients TABLE 10. The coefficients
ady for pairs in the first col- ajy for pairs in the second
umn. column.

ANe| O 1 2 3 4 5 6 7

8
-100 0 0 0 0 0O o0 0 o0
-100 -100 40 14 31 30 57 26 O
77 -100 -100 99 78 79 100 59 O
63 8 -100 -100 93 67 68 26 O
63 57 100 -100 -100 84 56 28 0
0

0

0

0

52 61 65 70 -100 -100 85 7
67 96 100 73 100 -89 100 39
-85 93 90 58 60 88 100 100
-90 -80 63 47 60 60 75 100 10

O U R WN—=O

TABLE 11. The coefficients aJ}, for pairs between the two columns.

B.3. The pentagon inequality. The point labels are ordered as in the finite pentagon
configuration in the main text. The linear coefficient vector is

(ao, ..., 08) = (—23,77,—100, —23, —23, 100, 100, 100, 77).

The nonzero pair coefficients are given by the following upper-triangular matrix; blank
entries are zero.

NjlO 1 2 3 4 5 6 7 8

0 -100 23 23 -100 0 0 0 23
1 -100 23 23 -100 -100 -100 -100
2 -100 23 77 -100 77 100
3 -100 0 0 -100 23
4 0 0 0 -100
5 -100 -100 -100
6 -48 -100
7 100
8

TABLE 12. Pair coefficients for the finite pentagon inequality.

B.4. The four line inequalities. The sequence labels in the following tables are
binary. For ¢s4, ¢35, and ¢36 they are the values of the red indicator r;. For ¢44, they
are the values ¢; = r; = (s; + 1)/2; when the local weight is evaluated, the same
sequence is converted to signed values by s; = 2¢; — 1. Thus the listed table omits the
forbidden sequences, and no other sequence is part of the domain of a potential.
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The two short tables of potential values are

seq. a4 Seq. aa Seq. GPaa Seq. Gaa
sequence 000 001 010 011 100 101 110 0001 0 0010 —8 0011 —10 0100 —12

0101 —14 0110 —14 0111 —12 1000 —12
3 o -t —2-2-3-3 -3 1001 —14 1010 —14 1011 —12 1100 —10

TABLE 13. Potential values 1ot -8 1110 0
for the (¢3,¢4) inequality. TABLE 14. Potential values
for the (44, ¢4) inequality.

The two longer tables of potential values follow.

sequence ¢sg sequence @se

000001 0 000010 -2
000011 -2 000100 —4
000101 —4 000110 —4
001000 —6 001001 —6
001010 -6 001011 —6
001100 -6 001101 —6
010000 -8 010001 -8
010010 -8 010011 -8
010100 -9 010101 -8
010110 -9 011000 -8
011001 -8 011010 -8
011011 -8 100000 -10
100001 —10 100010 -11
100011 —10 100100 —-12
100101 —-11 100110 —-13
101000 —-11 101001 -11
101010 -11 101011 -10
101100 -12 101101 -11
110000 —10 110001 -10
110010 —10 110011 -10
110100 —10 110101 -10
110110 -10

sequence ¢35 sequence ¢35

000010 -2 000011 0
000100 -8 000101 -8
000110 —6 001000 —14
001001 —14 001010 -14
001011 —14 001100 -13
001101 —12 010000 -20
010001 —20 010010 -20
010011 —20 010100 —22
010101 —20 010110 -20
011000 —24 011001 -22
011010 —-20 011011 -18
100001 —26 100010 —26
100011 —-26 100100 -30
100101 —28 100110 —28
101000 —28 101001 —28
101010 —-26 101011 —-26
101100 —-29 101101 -27
110000 —-30 110001 -30
110010 —28 110011 -28
110100 —26 110101 —26
110110 —24

TABLE 15. Potential values

TABLE 16. Potential values
for the (¢3, ¢5) inequality.

for the (¢3, l¢) inequality.

B.5. The twenty-point square—tetrahedron inequality. For each row, the rep-
resentative is a pair of point labels from the square—tetrahedron section. The third
column is the size of its orbit under the group G, the fourth is the common squared
distance, and the last is the coefficient a; in the square-tetrahedron expression.



54 RYAN HOFF, GARY HU, AND YUMO LIU

q ‘ By, q ‘ B,
2-+3]-68300 1 —300708
3—+3| 56588 2 —142872
4—+/3|-14632 3 18334
5—+/3] 10996 2++/3 628

4 —5700 34+ /3 —404
443 204 6 386
543 380 7 136

TABLE 17. Aggregated squared-distance coefficients for the square—
tetrahedron kernel.

TABLE 18. The integer pair-orbit data for the square—tetrahedron result.

Jj representative |O;|  g; aj j representative |O;] g aj
0 {810} 4 1 0 28 {18} 4 1 —2603
1 {0,8} 4 1 17344 29 {3,5} 4 2 —2761
2 {0,10} 2 2 —152 30 {3,15} 4 4—+/3 -3658
3 {01} 4 1 —9839 31 {1,10} 42-y3 —337
4 {4,8} 4 2 —21087 32 {3,16} 2 6 193
5 {{0,2}} 4 1 —10680 33 {7,15} 45-+/3 2749
6 4,10 2 3 587 34 {7,16} 2 7 68
g gﬁ 11 ; —ggig 35 {2,10} 4243 —204
9 {14} 4 2 553 36 {39} 5 2*1\/3 Ry
10 {1,3} 4 1 3317 gg {{93’171}} 2 3 - 428
E gg{ 33 1\/§ —5?3(7) 39 {5.8) 4 2 —5565
13 {04} 1 1 —39099 40 {115} 22-v3 7650
14 {514} 4 4 1425 a - {6,8} 43+4v3 21
B 24 a R e 1 {%’ %} y 3+2\/g o
16 {2,14} 22+v3 —12 '

17 {1,14} 4 3 1304 4 {2,8} 42+v3  -93
18 {314} 44+V3 5l A1 S S Sy
19 {614} 23+V3 22 47 {6.9} 4 2 2065
20 {1,9 42— ﬁ —6903 48 {3,8) 42+V3 550
TR L Do 23V
23 {5,9} 43-+3 5627 o {{65; 190}} 5 3+2*/§ I
24 {1,5} 2 1 6775 52 (7,10} 43 428
25 {5,10} 43-V3 485 53 {10,13} 11 —267
26 12,5} 43 1144 54 {2,6} 2 1 —54
27 {2,9} 4 1 —9068 55 {811} 2 1 —26934
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