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Abstract. A central open problem in Lie theory is the classification of finite-
dimensional complex solvable Lie algebras, but classification up to isomorphism be-
comes increasingly difficult as the dimension grows and the number of non-isomorphic
families explodes. This motivates a classification method by studying coarser spectral
invariants arising from the characteristic polynomial of the adjoint representation. We
prove that the characteristic polynomial is determined by the generalized weights of
the adjoint action on the nilradical. This addresses the problem of expressing the
spectral index in Lie-theoretic terms, gives sharp bounds in terms of the nilradical
and quotient dimensions, and characterizes spectral equivalence. We then resolve a
second problem concerning the higher Betti numbers of the eigenvariety complement.
We endow the distinct non-z0 factors of the characteristic polynomial with a natural
matroid structure, which we call the spectral matroid, and use the Orlik–Solomon
algebra of the associated hyperplane arrangement to determine the Betti numbers
and Poincaré polynomial combinatorially and to prove log-concavity of the Betti se-
quence. Finally, we apply our theory to solvable Lie algebras with abelian nilradical to
obtain explicit characteristic polynomials and spectral-equivalence criteria, including
examples of non-isomorphic algebras with identical characteristic polynomials.

1. Introduction

1.1. Background. This paper studies finite-dimensional Lie algebras over the complex
field C. Classifying these algebras is one of the oldest and most important problems
in Lie theory. While the classification of semisimple Lie algebras has been complete
for over a century through the works of Killing and Cartan [11, 34], the solvable case
remains open even in low dimensions such as eight or nine. The challenge is largely
due to the presence of a great many non-isomorphic classes of solvable Lie algebras.
In [6], Azari-Key and the second author introduced the notion of spectral equivalence
for Lie algebras. It is known that for finite-dimensional complex simple Lie algebras,
the notion of spectral equivalence agrees with isomorphism [19, 22, 68]. However, for
solvable Lie algebras, spectral equivalence is weaker (and therefore more flexible) than
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isomorphism. This leads to the natural question whether classifying solvable Lie al-
gebras under spectral equivalence might be more fruitful. This paper develops the
general theory needed to pursue that question.

1.2. Solvable Lie Algebras and Nilradicals. We first recall the decomposition the-
orems of Levi [36] and Malcev [38]. Levi’s Theorem states that every finite-dimensional
Lie algebra g decomposes as a semidirect product g = l⋉Rad(g), where Rad(g) is the
unique maximal solvable ideal and l is a semisimple subalgebra. Malcev adds that the
Levi factor l is unique up to inner automorphism. Together, these results reduce the
classification of finite-dimensional Lie algebras to the study of solvable Lie algebras
and the actions of semisimple Lie algebras on them. Of these tasks, the classification
of solvable Lie algebras g is substantially more challenging. The principal difficulty
is therefore the classification of solvable Lie algebras and of the compatible actions
occurring in Levi extensions.

Since the radical Rad(g) is itself solvable, its structure is closely tied to its maximal
nilpotent ideal, the nilradical. Every finite-dimensional solvable Lie algebra g over C
contains a unique maximal nilpotent ideal Nil(g), and one has [g, g] ⊆ Nil(g). After
choosing a vector-space complement v to the nilradical, we may write g = Nil(g)⊕ v.
This decomposition is not canonical, and v need not be a Lie subalgebra. The adjoint
action of elements of v on Nil(g) gives derivations of the nilradical, well-defined modulo
inner derivations after passing to the quotient g/Nil(g).

This idea motivates the classification strategy initiated by Mubarakzyanov [43], which
first fixes a nilpotent Lie algebra and then determines all possible solvable extensions
having that algebra as nilradical.

Classification efforts have also proceeded by dimension. Complete lists of nilpotent Lie
algebras are available up to dimension seven [24, 40, 53], while partial and computer-
assisted classifications are available for several subclasses in dimensions eight and nine
[62]. In the solvable case, the classification is complete up to dimension seven. The
classification up to dimension six was completed by [41–43,63], with [58] providing an
exposition. The classification in dimension seven was finished by assembling partial
results organized according to the dimension of the nilradical: the remaining cases were
those with codimension-one nilradicals [51], four-dimensional nilradicals [30], and five-
dimensional nilradicals [37]. The difficulty of extending these lists to higher dimensions
is primarily due to the rapid growth of non-isomorphic classes.

Following Mubarakzyanov’s method, substantial progress has been made for specific
nilradicals, including abelian [46], triangular [61], and Borel nilradicals [65], as well
as filiform and quasifiliform nilradicals [2, 3, 54–57, 64]. Some nilpotent Lie algebras,
called characteristically nilpotent, cannot occur as nilradicals of non-nilpotent solvable
Lie algebras [25,33].
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1.3. Solvable Lie Algebras with Abelian Nilradical. The fixed-nilradical strategy
described above leads, in this case, to a classification problem for commuting deriva-
tions and extension data. Let s be a finite-dimensional complex solvable Lie algebra
with abelian nilradical n. Then [s, s] ⊆ n and s/n is abelian. If s = n ⊕ v as a vec-
tor space, the restrictions ad(x)|n, x ∈ v, commute. Over C they are simultaneously
upper-triangular, with linear weights on the diagonal. The remaining upper-triangular
entries and the brackets in v contain the extension data. Ndogmo and Winternitz
developed the structure theory, decomposability criteria, center bounds, and examples
for this class [46]; a broader account of fixed-nilradical classification was given in [58].

The class also has an invariant-theoretic role. Patera, Sharp, Winternitz, and Zassen-
haus calculated generalized Casimir invariants for real Lie algebras and discussed their
role in representation theory and physics [52]. Ndogmo and Winternitz constructed
generalized Casimir invariants for solvable Lie algebras with abelian nilradicals [47],
and Ndogmo determined the number of coadjoint invariant functions and the variables
on which they can depend [45]. These works placed coadjoint orbits and their invariants
alongside the classification of the underlying Lie algebras.

Solvable Lie algebras also occur as symmetry algebras of differential equations. Their
subalgebras provide invariant variables and group-invariant solutions, making the iden-
tification of the abstract symmetry algebra a basic step in Lie symmetry reduction
[46, 48]. Ndogmo and Winternitz emphasized the abelian case for constant-coefficient
equations and for equations reducible to that form [46]. Solvable symmetry algebras
also appear in the construction of solutions for partially integrable evolution equa-
tions [66]. Related fixed-nilradical work connected generalized Casimir invariants with
the Petrov classification of Einstein spaces and with the classification of Riemannian
manifolds [56]; that example used a broader family of nilradicals.

At the group level, a simply connected Lie group whose Lie algebra has abelian nil-
radical has a vector group as its nilpotent normal subgroup and an abelian quotient,
with the quotient action represented by commuting matrices. This gives an explicit
setting for the representation theory and harmonic analysis of solvable groups [8].
The corresponding real groups also occur in solvmanifold and homogeneous geometry:
Bock studied lattices, formality, symplectic and Kähler structures, and the Hard Lef-
schetz property for low-dimensional solvmanifolds [9], while Heber and Lauret studied
Einstein solvmanifolds and Ricci soliton solvmanifolds [28, 35]. Within the abelian-
nilradical class, contact and Frobenius structures have been characterized in a semidi-
rect subfamily by Alvarez, Rodŕıguez-Vallarte, and Salgado [1].

These examples also lead back to the algebraic questions studied in this paper. Ayupov
and Khudoyberdiyeva treated local derivations in the one-dimensional-complement and
maximal-complement cases [5]. In the present paper, the weights determine the char-
acteristic polynomial and the associated hyperplane arrangement, while the extension
data may distinguish non-isomorphic algebras.
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1.4. Goals, Main Results, and Organization. This paper is the first part of a
series building on the spectral approach introduced in [6, 32]. Its first goal is general:
for every finite-dimensional complex solvable Lie algebra, we express the characteristic
polynomial in terms of the generalized weights of the action on the nilradical. Its second
goal is an application: for solvable algebras with abelian nilradical, we translate those
weights into the commuting-matrix blocks of the Ndogmo–Winternitz normal form.
The general results appear in Sections 3–4 and the abelian specialization begins in
Section 5. Subsequent papers apply the same framework to other structured nilradicals.

Azari-Key and the second author introduced spectral equivalence and the spectral
index, and obtained initial estimates and examples for these invariants [6]. The present
paper develops the Lie-theoretic structure behind them. Theorem 3.4 expresses the full
characteristic polynomial in terms of the nilradical weight multiset; Theorem 3.6 gives
sharp dimension bounds for the spectral index; and Proposition 3.7 gives a criterion
for spectral equivalence in terms of the multiplicity of the factor z0 and the nonzero
weights. The topological part is also new at the level of Lie algebras: the higher
cohomology of the eigenvariety complement is organized by the matroid of the distinct
factors other than z0, leading to the Poincaré polynomial, degree, bound, and log-
concavity results in Corollary 4.17, Theorem 4.18, and Corollaries 4.20 and 4.24. The
exposition is organized as follows. Sections 3 and 4 contain the general theory. We
define the nilradical weight multiset, prove the characteristic-polynomial factorization,
derive the bounds for the spectral index, characterize spectral equivalence, and identify
the cohomology of the eigenvariety complement with the Orlik–Solomon algebra of the
associated spectral matroid. This gives the degree, upper bound, and log-concavity
results for the Betti numbers.

Section 5 contains the application. We derive the block factorization in the Ndogmo–
Winternitz normal form. We identify the extension data that do not affect the char-
acteristic polynomial, prove that every finite spanning collection of nonzero weights
occurs, and identify the spectral matroid with the affine-dependence matroid of the
distinct nonzero weights. We then provide tables classifying the characteristic poly-
nomials and associated invariants for the normal form, the canonical maximal-center
families, and the eight-dimensional example in [46]. Subsection 5.6 provides an exam-
ple showing how the matrix pencil, weight multiset, spectral matroid, and extension
data fit together.

2. Characteristic Polynomials, Spectral Equivalence and Spectral
Index

The spectral theory of a matrix A ∈ Mk(C) is traditionally developed via its char-
acteristic polynomial QA(λ) = det(λI − A). This invariant records the eigenvalues
and algebraic multiplicities, and is one of the basic invariants used to study the struc-
ture of a matrix. However, algebraic structures arising from physics and geometry
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are rarely generated by a single matrix, but rather by sets of non-commuting ma-
trices {A1, . . . , An}. Developing a spectral theory for such sets presents an immediate
challenge, since non-commutativity prevents one from simultaneously diagonalizing the
matrices or placing their spectral data into a single polynomial invariant using standard
techniques.

2.1. The Work of Dedekind and Frobenius. The classical forerunner of a multi-
variate spectral theory is the theory of the group determinant, introduced by Dedekind
and Frobenius in the 1890s. Although arising in a purely algebraic context, this con-
struction displays the important features of a multivariate spectral invariant.

We first recall some basic notions in group representation theory. Let G be a finite
group of order n + 1, written as G = {1, g1, . . . , gn}. A unitary representation is a
homomorphism π : G → U(H), where H is a Hilbert space and U(H) denotes the
group of unitary operators (or matrices) on H. The dimension of the representation
π, denoted by dπ, is the dimension of H. Two unitary representations π : G → U(H)
and ρ : G → U(K) are said to be unitarily equivalent, denoted by π ∼= ρ, if there exists
a unitary operator V : H → K such that π(g) = V ∗ρ(g)V for g ∈ G. Furthermore,
a unitary representation is said to be irreducible if π(G) has no nontrivial common

reducing subspace in H. We let Ĝ denote the set of equivalence classes of irreducible
unitary representations of G (called the unitary dual of G). Finally, the left regular
representation λG : G → U(ℓ2(G)) is defined by λG(g)f(x) = f(g−1x) for x ∈ G.

The group determinant with respect to a finite-dimensional representation π is defined
by

Qπ(z0, z) := det (z0I + z1π(g1) + · · ·+ znπ(gn)) ,

where z = (z1, . . . , zn) ∈ Cn. Frobenius’s breakthrough was the discovery that the fac-
torization of this determinant for the left regular representation encodes the irreducible
unitary representations of G.

Theorem 2.1 ([15,16,20]). For any finite group G = {1, g1, . . . , gn}, we have

QλG
(z0, z) =

∏
[π]∈Ĝ

Qπ(z0, z)
dπ .

Moreover, every Qπ is an irreducible polynomial, and π ∼= ρ if and only if Qπ = Qρ.

In fact, this theorem marks the beginning of representation theory for finite groups.
For historical developments, see [13,14,16,17,21].

2.2. Characteristic Polynomial. Despite this early success, it took more than a
century before the group determinant was extended to other algebraic settings. We
briefly outline this history; a comprehensive survey is available in [68]. In 2009, [67]
extended this notion to unital Banach algebras, initiating a line of research that has
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since attracted considerable attention [10, 12, 18, 23, 27, 29, 39, 60]. Motivated by these
results, [32] defined the characteristic polynomial for finite-dimensional Lie algebras.

Definition 2.2. Let L be a finite-dimensional Lie algebra with basis {x1, . . . , xn}. The
characteristic polynomial of L is

QL(z0, z) := det

(
z0I +

n∑
i=1

zi adxi

)
, z = (z1, . . . , zn) ∈ Cn.

Here ad(x) denotes the adjoint map y 7→ [x, y]. The matrix inside this determinant is
a matrix pencil: its entries depend linearly on the variables z0, z1, . . . , zn.

This notion has already been applied to study simple [22], classical [19], and solvable
Lie algebras [32, 44]. The solvable case is particularly interesting: by Lie’s theorem,
the adjoint operators can be simultaneously upper triangularized over C, and therefore
the characteristic polynomial factors completely into linear forms. Furthermore, the
converse is also true.

Theorem 2.3 ([32,68]). A finite-dimensional complex Lie algebra L is solvable if and
only if its characteristic polynomial QL(z0, z) factors as

QL(z0, z) =
dimL∏
j=1

(z0 + ℓj(z)),

where each ℓj is a linear form in z = (z1, . . . , zn).

Theorem 2.4 ([6]). A finite-dimensional complex Lie algebra L is nilpotent if and only
if

QL(z0, z) = zdimL
0 .

2.3. Spectral Equivalence and Spectral Index. One motivation for developing
a theory of characteristic polynomials for Lie algebras is the expectation that these
polynomials will give spectral invariants capable of distinguishing and classifying Lie
algebras. Observe that if two Lie algebras L1 and L2 are isomorphic, any isomorphism
corresponds to a change of basis matrix B ∈ GLn(C). A direct calculation shows that
their characteristic polynomials must satisfy QL2(z0, z) = QL1(z0, zB). Motivated by
this observation, [6] introduced a coarser classification criterion:

Definition 2.5. Two n-dimensional complex Lie algebras L1 and L2 are spectrally
equivalent over C, denoted L1 ∼ L2, if

QL2(z0, z) = QL1(z0, zB)

for some B ∈ GLn(C).

We will primarily study this relation for solvable Lie algebras.
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Spectral equivalence is strictly weaker than isomorphism: if L1
∼= L2, then L1 ∼ L2,

but the converse fails in general. However, the converse does hold in certain important
cases, such as for complex simple Lie algebras:

Theorem 2.6 ([68], Corollary 3.29). Let L1 and L2 be two finite-dimensional com-
plex simple Lie algebras. Then they are isomorphic if and only if they are spectrally
equivalent.

This does not extend to the broader class of solvable Lie algebras easily. Nevertheless,
the factorization from Theorem 2.3 still gives rise to an interesting invariant, introduced
in [6], which can distinguish some non-isomorphic solvable Lie algebras.

Definition 2.7. Let L be a finite-dimensional complex Lie algebra. Its spectral index
κ(L) is defined as the number of distinct irreducible factors in the factorization of
QL(z0, z).

It is not hard to see that the spectral index is invariant under spectral equivalence. For
solvable Lie algebras, it counts the number of distinct linear factors of QL. This index
has been defined for arbitrary tuples of matrices and investigated extensively in [59].
However, for Lie algebras, it remains quite mysterious, despite having been computed
in numerous examples and partial results. For a square matrix A, write σ(A) for its
spectrum. Then |σ(A)| is the number of distinct eigenvalues of A. The following lower
bound for κ(L) is known.

Proposition 2.8 ([6]). Let L be a solvable Lie algebra with basis {x1, x2, . . . , xn}. Then
κ(L) ≥ max{|σ(adxi)| : 1 ≤ i ≤ n}.

The paper [6] also raised the following question, aiming to better characterize κ(L).

Problem 2.9. Can κ(L) be expressed in terms of other Lie-theoretic invariants?

We return to this question after introducing the nilradical weight multiset and proving
the general factorization theorem.

3. Spectral Index and Nilradical Weight Multiset

The results in this section are valid for every finite-dimensional complex solvable Lie
algebra. We now identify the weights of the action on the nilradical and use them to
factor the characteristic polynomial.

3.1. The Spectral Index κ(L). Let s be a finite-dimensional solvable Lie algebra
over C with nilradical n. Choose a vector-space complement v so that s = n⊕ v, and
write k = dim v. Since n is an ideal, the adjoint action restricts to a representation
ρ : s → gl(n), where ρ(y) = ad(y)|n.
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By Lie’s theorem, there is a basis of n in which every ρ(y) is upper triangular. Thus
there are linear functionals λ1, . . . , λM ∈ s∗, where M = dim n, such that the diagonal
entries of ρ(y) are λ1(y), . . . , λM(y) for every y ∈ s. If x ∈ n, then ρ(x) is nilpotent,
so every λi vanishes on n. Hence each λi descends to (s/n)∗, and after choosing v, we
regard it as an element of v∗.

Definition 3.1. The nilradical weight multiset of s is ∆s := {λ1|v, . . . , λM |v}, counting
multiplicity. We write ∆ for the corresponding set of distinct weights. If α ∈ ∆, let
mα denote the multiplicity of α.

Lemma 3.2. The nilradical weight multiset ∆s is independent of the choice of trian-
gularizing basis.

Proof. Choose a composition series 0 = N0 ⊂ N1 ⊂ · · · ⊂ NM = n of the s-module n.
Each one-dimensional quotient Ni/Ni−1 is acted on by a linear functional λi ∈ s∗. By
the Jordan–Hölder theorem, the multiset of these composition factors, and hence the
multiset of the λi, is independent of the chosen series. For x ∈ n, the operator ad(x)|n
is nilpotent, so its induced scalar on every one-dimensional quotient is zero. Thus each
λi vanishes on n and descends to (s/n)∗. Choosing v identifies this dual space with v∗,
which proves the claim. □

Remark 3.3. The weights in Definition 3.1 are the diagonal functionals from the trian-
gular form. No simultaneous diagonalization is assumed, and the operators may have
nonzero strictly upper-triangular parts.

Choose a basis B = {x1, . . . , xM , f1, . . . , fk} for s adapted to the decomposition s =
n ⊕ v, where M = dim n and k = dim v. Let N = M + k denote the total di-
mension of s. We associate this basis with the set of indeterminates z = (zn, zv) :=
(zx1 , . . . , zxM

, zf1 , . . . , zfk). For each weight α ∈ ∆, define the linear form

ℓα(zv) :=
k∑

j=1

α(fj) zfj .

In these adapted coordinates, the characteristic polynomial is Qs(z0, z) = detA(z0, z),
where

A(z0, z) := z0IN +
M∑
i=1

zxi
ad(xi) +

k∑
j=1

zfj ad(fj),

and IN is the identity matrix of size N ×N .

3.2. A Factorization of the Characteristic Polynomial. With the weight struc-
ture established, we use it to study the characteristic polynomial. Our approach is
guided by the goal of obtaining a statement analogous to the Dedekind–Frobenius
Theorem (Theorem 2.1), where the factorization of the group determinant is indexed
by the unitary dual of a finite group. In the Lie algebra setting, it is natural to ask
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whether the characteristic polynomial Qs(z0, z) admits a similar structural interpreta-
tion.

For finite-dimensional simple Lie algebras, this question has been addressed through
the lens of invariant theory and Weyl group actions. Feng, Liu, and Wang [19] showed
that for classical Lie algebras and the exceptional algebra G2, the characteristic poly-
nomial associated with a finite-dimensional representation decomposes into a product
of irreducible orbital factors. These factors are uniquely determined by the orbits of
the weights of the representation under the action of the corresponding Weyl group.

For solvable Lie algebras, the generalized weights of the action on the nilradical de-
termine the linear factors of the characteristic polynomial. Let ∆ ⊂ v∗ be the set of
distinct weights from Definition 3.1, and recall that mα denotes the multiplicity of α
in the nilradical weight multiset.

Theorem 3.4. Let s = n⊕ v be solvable. Then

Qs(z0, z) = zdim v
0

∏
α∈∆

(
z0 + ℓα(zv)

)mα
.

Consequently, the spectral index is κ(s) = |∆ ∪ {0}|.

Proof. With respect to the decomposition s = n⊕v, the matrix pencil A(z0, z) is block
upper-triangular:

A(z0, z) =

(
An(z0, z) ∗

0 As/n(z0, z)

)
.

Here An is the restriction of the pencil to the invariant subspace n, while As/n denotes
the induced pencil on the quotient s/n, identified with v as a vector space. Taking
determinants gives

Qs(z0, z) = det(An(z0, z)) det(As/n(z0, z)).

We first compute the quotient block. Since s is solvable, Lie’s theorem gives a basis in
which all operators ad(s) are upper triangular. Hence all operators ad([s, s]) are strictly
upper triangular, and therefore nilpotent. By Engel’s theorem, [s, s] is a nilpotent ideal,
so by maximality of the nilradical,

[s, s] ⊆ n.

Thus the induced adjoint action of s on s/n is trivial. Hence

As/n(z0, z) = z0Idim v, det(As/n(z0, z)) = zdim v
0 .

Next, consider det(A(z0, z)|n). Choose a basis of n in which all operators ρ(y) =
ad(y)|n, y ∈ s, are upper triangular. Let λ1, . . . , λM be the corresponding weights.
Since each λi vanishes on n, the variables zx1 , . . . , zxM

do not appear on the diagonal of
the nilradical block. If λi|v = α, then the corresponding diagonal entry in the matrix
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An(z0, z) is z0 + ℓα(zv). Hence the determinant of this nilradical block contributes∏
α∈∆(z0 + ℓα(zv))

mα .

Combining this with the quotient block gives

Qs(z0, z) = zdim v
0

∏
α∈∆

(z0 + ℓα(zv))
mα .

The distinct linear factors are z0 together with the factors z0 + ℓα(zv) for those α ∈ ∆
with α ̸= 0. Equivalently, the distinct factors are indexed by ∆ ∪ {0}, where the
element 0 corresponds to the factor z0. Hence

κ(s) = |∆ ∪ {0}|.
□

This result resolves Problem 2.9.

Remark 3.5. For solvable Lie algebras, Theorem 3.4 recovers the nilpotence criterion
in Theorem 2.4. If L is nilpotent, then L = n and QL(z0, z) = zdimL

0 . Conversely,
if QL(z0, z) = zdimL

0 , then every nilradical weight is zero. Hence every f ∈ v acts
nilpotently on n, and the induced action on L/n is trivial. Thus ad(f) is nilpotent on
L. Since, for a finite-dimensional solvable Lie algebra over C, the nilradical is the set
of ad-nilpotent elements [26, Ch. 1, Sect. VI, Theorem 11], we get f ∈ n. Therefore
v = 0 and L = n is nilpotent.

We can use this theorem to obtain sharp bounds for the spectral index κ(s).

Theorem 3.6. Consider a solvable Lie algebra s = n⊕ v. Then we have

dim v+ 1 ≤ κ(s) ≤ dim n+ 1.

Moreover, κ(s) = dim v+1 if and only if the nonzero weights ∆\{0} form a basis of v∗.
Also, κ(s) = dim n + 1 if and only if 0 /∈ ∆ and every distinct weight has multiplicity
one, that is, mα = 1 for all α ∈ ∆.

Proof. We prove the two bounds separately.

Lower bound. We first show that the set of weights spans the dual space. Suppose
span(∆) ⊊ v∗. Then there exists a nonzero f0 ∈ v such that α(f0) = 0 for all α ∈ ∆.
The eigenvalues of ad(f0)|n are {α(f0) | α ∈ ∆} = {0}, so this operator is nilpotent.
Moreover, as shown in the proof of Theorem 3.4, the induced action on s/n is trivial,
hence nilpotent. Therefore ad(f0) is globally nilpotent on s, so f0 belongs to the
nilradical n. This contradicts f0 ∈ v \ {0}.

Thus span(∆) = v∗. Since the zero vector does not contribute to the span, the set of
nonzero weights ∆′ := ∆ \ {0} must span v∗. Consequently, |∆′| ≥ dim(v).
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Recall that κ(s) counts the number of distinct linear factors in Qs(z0, z). By Theo-
rem 3.4, the extension v contributes the factor zdim v

0 . Thus the factor z0 is always
present in Qs, coming either from the quotient block or, if 0 ∈ ∆, also from zero nil-
radical weights. Hence the distinct factors are indexed by ∆ ∪ {0}. We can compute
the cardinality as:

κ(s) = |∆ ∪ {0}| = |∆′|+ 1.

Combining this with the span inequality |∆′| ≥ dim(v), we obtain:

κ(s) ≥ dim(v) + 1.

Equality holds if and only if |∆′| = dim(v), which occurs if and only if the nonzero
weights ∆′ form a basis of v∗.

Upper bound. Since the nilradical weight multiset has total cardinality dim n, we have∑
α∈∆mα = dim n. In particular, |∆| ≤ dim n. If 0 ∈ ∆, then κ(s) = |∆| ≤ dim n. If

0 /∈ ∆, then κ(s) = |∆| + 1 ≤ dim n + 1. This proves the bound. Equality requires
0 /∈ ∆ and |∆| = dim n. Since

∑
α∈∆ mα = dim n and every mα ≥ 1, this happens if

and only if mα = 1 for every α ∈ ∆. □

3.3. A Characterization of Spectral Equivalence. The factorization of Theo-
rem 3.4 allows the notion of spectral equivalence to be reformulated as a condition
on the collection of weights. We denote by ∆×

s the multiset of nonzero nilradical
weights of s and by e0(s) the total multiplicity of the factor z0 in Qs. Two multisets
of vectors E and E ′ are said to be linearly equivalent, denoted E ∼= E ′, if there is a
linear isomorphism T : spanE → spanE ′ with T (E) = E ′, where multiplicities are
preserved.

Proposition 3.7. Two finite-dimensional solvable Lie algebras s and s′ are spectrally
equivalent if and only if e0(s) = e0(s

′) and the multisets ∆×
s and ∆×

s′ are linearly
equivalent, with multiplicities preserved.

Proof. We need to show that solvable Lie algebras s and s′ are spectrally equivalent if
and only if e0(s) = e0(s

′) and ∆×
s and ∆×

s′ are linearly equivalent.

By Theorem 3.4, the characteristic polynomial of s has the form

Qs = z
e0(s)
0

∏
α∈∆×

s

(z0 + ℓα),

where the product is over the nonzero nilradical weight multiset, counting multiplicity.
Here each ℓα is viewed as a linear form on the full space of Lie-algebra variables by
extending it by zero on the nilradical variables. The same description holds for s′.

Suppose first that s ∼ s′. Then Qs′(z0, z) = Qs(z0, zB) for some B ∈ GLN(C). This
change of variables fixes z0. Therefore the irreducible factor z0 is carried to z0, and
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unique factorization gives e0(s) = e0(s
′). The remaining factors are the factors z0 + ℓα

associated with nonzero weights. Since an invertible linear change of the Lie-algebra
variables carries these factors to factors other than z0 and preserves multiplicity, it
carries the factors of Qs other than z0 to the corresponding factors of Qs′ . After
subtracting the common z0 term, we obtain a linear isomorphism from span∆×

s to
span∆×

s′ carrying one multiset to the other.

Conversely, suppose that e0(s) = e0(s
′) and that such a linear isomorphism T :

span∆×
s → span∆×

s′ exists. Let v and v′ be the complements used to represent the
two weight multisets. By the spanning argument in Theorem 3.6, span∆×

s = v∗ and
span∆×

s′ = (v′)∗, so T is already an isomorphism between the dual complement spaces.
The equality of e0 and preservation of multiplicities imply that the two Lie algebras have
the same dimension. Choose complementary subspaces U and U ′ so that s∗ = v∗ ⊕ U
and (s′)∗ = (v′)∗ ⊕U ′. It follows that dimU = dimU ′. Choose any linear isomorphism

S : U → U ′ and define T̃ := T ⊕ S : s∗ → (s′)∗. Extending T̃ to the characteristic-
polynomial variables by fixing z0 carries each factor z0+ ℓα to the corresponding factor
for s′, with the same multiplicity, and the exponent of z0 also agrees. Hence the char-
acteristic polynomials are related by an invertible change of variables, so s ∼ s′. □

Remark 3.8. If one works inside a family where dim v and the multiplicity of the zero
nilradical weight are fixed, this is equivalent to the simpler condition that the full
nilradical weight multisets are equivalent under GL(v∗).

Many classification lists of Lie algebras contain families of solvable ones depending on
continuous parameters. Let s(p) be such a family of N -dimensional complex solvable
Lie algebras, with parameter p ∈ P . Since all nilpotent Lie algebras of a fixed dimen-
sion have characteristic polynomial zN0 , spectral equivalence is very coarse on nilpotent
algebras. For non-nilpotent solvable algebras, however, the nonzero nilradical weights
can vary with the parameters. This motivates the following definition.

Definition 3.9. A parameterized family of Lie algebras s(p) is spectrally rigid if for
any p,p′ ∈ P , the condition s(p) ∼ s(p′) implies p = p′.

By Proposition 3.7, spectral equivalence is controlled by the total multiplicity of the
factor z0 and by the orbit of the nonzero nilradical weight multiset. Thus, in any family
where e0(s(p)) is constant and the nonzero weights span a fixed vector space v∗, spectral
rigidity is equivalent to separation of the nonzero weight multisets under GL(v∗). For a
parameterized family of Lie algebras s(p), we let ∆×(p) denote the nonzero nilradical
weight multiset. In fact, under the hypotheses below, Proposition 3.7 shows that two
members are spectrally equivalent precisely when an element of GL(v∗) carries one of
these multisets to the other. This gives the following criterion.

Corollary 3.10. Let s(p) be a family of solvable Lie algebras for which e0(s(p)) is
constant and all nonzero weight multisets are viewed in a fixed space v∗. Then the
family is spectrally rigid if and only if, for every p ̸= p′, there is no T ∈ GL(v∗) such
that T (∆×(p)) = ∆×(p′) as multisets.
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4. Topological Spectral Invariants

The main goal of this section is to use this observation to attach topological invariants to
hyperplane arrangements arising from the characteristic polynomial of s, and describe
this theory in a combinatorial way. Theorem 3.4 expresses the characteristic polynomial
Qs of a finite-dimensional complex solvable Lie algebra s as a product of linear forms.
Since z0 is always a factor, we remove it and consider the distinct remaining factors z0+
ℓα(zv). These factors define a hyperplane arrangement in Cdim v+1, whose structure can
be studied combinatorially through a matroid, which we call the spectral matroid Ms.
We show that the cohomology ring of the eigenvariety complement (Vs)

c is isomorphic
to the Orlik–Solomon algebra of the spectral matroid Ms, so the Betti numbers of s
and its Poincaré polynomial are determined by the Whitney numbers of the first kind
of Ms, thereby providing an answer to Problem 4.4.

4.1. Eigenvarieties and Betti Numbers. Let s be a finite-dimensional complex
solvable Lie algebra with basis {x1, . . . , xN}. At z0 = 0, the matrix in Definition 2.2 is
ad(
∑

i zixi), which has
∑

i zixi in its kernel. Hence

Qs(0, z) = det(z1 adx1 + · · ·+ zn adxn) = 0, z ∈ CN ,

showing that z0 always divides Qs(z0, z). Let e0(s) denote the total multiplicity of the
factor z0 in Qs, and set a = e0(s). Write

Qs(z0, z) =: za0ps(z0, z) = za0
∏

α∈∆\{0}

(
z0 + ℓα(zv)

)mα
,

where a ≥ 1 and z0 ∤ ps.

Definition 4.1. The eigenvariety of s is the zero locus of the polynomial ps:

Vs := {(z0, z) ∈ Cdim s+1 : ps(z0, z) = 0}, V c
s := Cdim s+1 \ Vs.

Definition 4.2. Let s be a finite-dimensional solvable Lie algebra. For each j ≥ 0,
the j-th Betti number of s is bj(s) := dimC H

j(V c
s ,C), where Hj denotes the j-th de

Rham cohomology group with complex coefficients. The Poincaré polynomial of s is
Ps(t) :=

∑
j≥0 bj(s)t

j.

Some preliminary results are shown in [6].

Proposition 4.3. Let s be a finite-dimensional solvable Lie algebra. Then

• b1(s) = κ(s)− 1.
• degPs ≤ dim

(
s/Nil(s)

)
+ 1.

However, the structure of the higher Betti numbers is posed as an open problem:

Problem 4.4. Can the Betti numbers bj(s), j ≥ 2, be described by known invariants
of s?
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The rest of this section answers this question. The cohomology is identified with an
Orlik–Solomon algebra, and the resulting Betti numbers are then computed from the
linear-dependence relations among the coefficient vectors of the factors z0 + ℓα.

4.2. Hyperplane Arrangements. A complex hyperplane arrangement is a finite col-
lection A = {H1, . . . , Hm} of affine hyperplanes in Cn. Its complement is

M(A) := Cn \
⋃
H∈A

H.

The arrangement is central if every affine hyperplane contains the origin. Here, we
will only be concerned with central arrangements. The Poincaré polynomial of the
arrangement is

PA(t) :=
∑
j≥0

dimC H
j(M(A),C)tj.

We associate with each hyperplane Hj a symbol ej and let E be the exterior algebra
generated by these symbols; thus ei ∧ ej = −ej ∧ ei and ei ∧ ei = 0. For a defining
linear form ℓj with Hj = {ℓj = 0}, send ej to the de Rham cohomology class of
(2πi)−1dℓj/ℓj. This gives a graded algebra homomorphism τ : E → H∗(M(A),C).
Define the boundary map ∂ : E → E on a monomial by

∂(ei1 ∧ · · · ∧ eir) =
r∑

j=1

(−1)j−1ei1 ∧ · · · ∧ êij ∧ · · · ∧ eir .

The Orlik–Solomon theorem identifies the kernel of τ . Let J be the ideal generated by
∂(ei1 ∧ · · · ∧ eir) for those sets {ℓi1 , . . . , ℓir} that are linearly dependent. The Orlik–
Solomon algebra is the quotient A(A) := E/J . The following theorem lays the ground-
work for the discussion in this section.

Theorem 4.5 ([49], Theorem 5.2). There is an isomorphism of graded algebras A(A) ∼=
H∗(M(A),C) carried by the map τ .

This result equips us with a tool to study the topological consequences of Theorem 3.4.
For more information about hyperplane arrangements, we refer the reader to Arnold [4],
Brieskorn [7], and Orlik–Solomon [49].

Assume s = n ⊕ v is a solvable Lie algebra with dim v = k. Write Qs = za0ps, where
a = e0(s) and z0 ∤ ps. Theorem 3.4 shows that ps is a product of linear factors of
the form Lα := z0 + ℓα(zv), α ∈ ∆×

s . We define Φs := {Lα : α ∈ ∆×
s } ⊂ (C ⊕ v)∗,

As := {kerL : L ∈ Φs}, and set

M(As) = Ck+1 \
⋃

H∈As

H.

Thus PAs(t) denotes the Poincaré polynomial of this arrangement complement.
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Let Es be the exterior algebra generated by {eL}L∈Φs and Js be the Orlik–Solomon
ideal of the arrangement As. Then Theorem 4.5 determines the cohomology of the ar-
rangement complementM(As); Es/Js is the Orlik–Solomon algebra of As by definition,
so Theorem 4.5 identifies it with the cohomology ring of the complement.

Lemma 4.6. Let s = n ⊕ v be a solvable Lie algebra with k = dim v. Under the
coordinate decomposition

Cdim s+1 ∼= Cdim n × Ck+1,

the eigenvariety complement satisfies

(Vs)
c ∼= Cdim n ×M(As).

Consequently, projection onto the second factor is a homotopy equivalence and induces
an isomorphism

H∗((Vs)
c,C) ∼= H∗(M(As),C).

Proof. By Theorem 3.4, after the factor z0 has been removed, the polynomial ps de-
pends only on z0 and the complement coordinates zv. It is independent of the dim n
coordinates corresponding to n. Hence the complement splits as the displayed prod-
uct. The first factor is contractible, so projection onto the second factor is a homotopy
equivalence. □

The lemma identifies the cohomology of the eigenvariety complement with that of
M(As). By Theorem 4.5, the latter is isomorphic to Es/Js. We record the resulting
identification as a corollary.

Corollary 4.7. Let s = n⊕ v be a solvable Lie algebra. Then

H∗((Vs)
c,C) ∼= H∗(M(As),C) ∼= Es/Js.

4.3. Spectral Matroid and the Poincaré Polynomial. Corollary 4.7 reduces the
computation of the cohomology ring to the combinatorics of linear dependencies, which
can be studied through the theory of matroids. For any linear function z0 + c1zf1 +
· · · + ckzfk , its coefficient vector is (1, c1, . . . , ck) ∈ Ck+1. We begin by recalling some
basics about matroids. For a more comprehensive introduction, see [50].

Definition 4.8. A matroid is a pair M = (E, I) consisting of a finite ground set E
and a collection I of subsets of E, called the independent sets, such that:

(1) ∅ ∈ I;
(2) if I ∈ I and J ⊆ I, then J ∈ I;
(3) if I, J ∈ I and |I| < |J |, then there is an element e ∈ J \I for which I∪{e} ∈ I.

Definition 4.9. For a matroid M = (E, I) and a subset A ⊆ E, its rank is

rM(A) := max{|I| : I ⊆ A, I ∈ I}.
The rank of M is rM(E), denoted rankM.
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A circuit is a minimal dependent subset of the ground set. An element is a coloop if it
belongs to no circuit. Here a subset is dependent when it is not independent.

Definition 4.10. Two matroids M = (E, I) and M′ = (E ′, I ′) are said to be isomor-
phic, denoted M ∼= M′, if there exists a bijection φ : E → E ′ such that I ∈ I if and
only if φ(I) ∈ I ′ for every I ⊆ E.

Having recalled the necessary terminology, we now associate a matroid to our setting.

Definition 4.11. Let s = n ⊕ v be a solvable Lie algebra. The spectral matroid is
Ms = (Φs, Is), where the ground set Φs consists of the distinct non-z0 linear factors
and Is consists of the subsets whose coefficient vectors are linearly independent.

This matroid is associated with the Lie algebra through its characteristic polynomial,
not to an arbitrary choice of arrangement. The factors in Φs are the distinct factors
other than z0 supplied by Theorem 3.4; changing the adapted basis applies an invertible
linear transformation to their coefficient vectors and therefore does not change the
represented matroid. The multiplicities remain part of the characteristic polynomial,
while the matroid records the additional information carried by the linear-dependence
relations among their coefficient vectors. Equivalently, these are the affine-dependence
relations among the distinct nonzero nilradical weights. Thus Ms is a coordinate-
independent record of this dependence structure. The following lemma shows that it
is also invariant under spectral equivalence.

Lemma 4.12. Suppose s and s′ are solvable complex Lie algebras. If s ∼ s′, then
Ms

∼= Ms′.

Proof. Suppose s ∼ s′. By Proposition 3.7, the total z0-multiplicities agree and there
is a linear isomorphism T between the spans of the nonzero nilradical weight multisets
carrying ∆×

s to ∆×
s′ as multisets.

The ground set Φs consists of the linear functions z0 + ℓα, where α ranges over the
distinct nonzero nilradical weights. The map z0 + ℓα 7→ z0 + ℓT (α) gives a bijection
Φs → Φs′ . A subset {z0+ ℓα1 , . . . , z0+ ℓαr} is linearly dependent if and only if there are
coefficients c1, . . . , cr, not all zero, such that

∑
i ci = 0 and

∑
i ciαi = 0. Since T is a

linear isomorphism on the span of the weights, this condition is equivalent to
∑

i ci = 0
and

∑
i ciT (αi) = 0. Thus the bijection preserves the dependent subsets and induces

an isomorphism Ms
∼= Ms′ . □

To compute the Betti numbers of V c
s explicitly, we introduce the tools related to the

intersection lattice.

Definition 4.13. Let As ⊂ Ck+1 be the hyperplane arrangement associated with a
solvable Lie algebra s. The intersection lattice L(As) consists of all subspacesX ⊆ Ck+1
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of the form
X =

⋂
H∈S

H

for some S ⊆ As. The partial order is given by reverse inclusion: X ≤ Y if Y ⊆
X. The minimal element is 0̂ = Ck+1, and the maximal element is 1̂ =

⋂
H∈As

H.
The rank function is defined by rank(X) = codimCk+1 X, where codimension is the
difference between the ambient dimension and dimX. For the empty arrangement, we
use the convention

⋂
H∈∅H = Ck+1, so the intersection lattice has the single element

0̂ = 1̂ = Ck+1.

The inclusion–exclusion structure of the arrangement is given by the Möbius function
of this lattice; see, for example, [50].

Definition 4.14. The Möbius function µ : L(As) × L(As) → Z is characterized by
µ(X,X) = 1 for all X, and by the relation∑

X≤Z≤Y

µ(X,Z) = 0 for X < Y.

We write µ(X) = µ(0̂, X).

To express the Betti numbers combinatorially, we introduce the Whitney numbers of
the first kind; see [50].

Definition 4.15. The Whitney numbers of the first kind are defined by

wk =
∑

rank(X)=k

|µ(X)|.

Since As is a central complex hyperplane arrangement, its intersection lattice is a
finite geometric lattice, meaning the lattice of flats associated with a matroid; in the
represented matroid here, a flat is a set of coefficient vectors containing every ground-set
vector in its span. We use the following standard form of the Orlik–Solomon formula.

Theorem 4.16 ([49], Theorem 2.6). Let L be a finite geometric lattice. The Poincaré
polynomial of the associated graded Orlik–Solomon algebra is

P (t) =
∑
X∈L

µ(X)(−t)rank(X),

where µ(X) = µ(0̂, X).

Let wk be the Whitney numbers of the first kind of the intersection lattice L(As). The
theorem above gives the Poincaré polynomial of the arrangement complement M(As).
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Corollary 4.17. Let As be the central arrangement associated with a solvable Lie
algebra s. Then the Poincaré polynomial of V c

s (equivalently, of M(As)) is

Ps(t) =
∑
k≥0

wkt
k.

Equivalently, the Betti numbers bk(s) = wk for every k ≥ 0.

Proof. By Lemma 4.6 and Corollary 4.7, the cohomology of V c
s is isomorphic to the

Orlik–Solomon algebra A(As). Theorem 4.16 gives

Ps(t) =
∑

X∈L(As)

µ(X)(−t)rank(X).

For a geometric lattice, µ(X) has sign (−1)rank(X). Therefore, the coefficient of tk is∑
rank(X)=k |µ(X)| = wk. □

Thus the Betti numbers bj(s) are determined by the spectral matroid Ms, providing
an answer to Problem 4.4.

We may now determine the degree of Ps(t) from the nilradical weights. This sharpens
the earlier bound in Proposition 4.3 by identifying the rank that gives the degree.
Recall that ∆×

s denotes the nonzero nilradical weight multiset and Φs is the set of
distinct associated factors Lα = z0 + ℓα. For a nonempty finite set B = {b1, . . . ,bp}
of weights, define its affine span by

Aff(B) :=

{
p∑

i=1

tibi : ti ∈ C,
p∑

i=1

ti = 1

}
.

Theorem 4.18. If ∆×
s = ∅, then ps = 1 and Ps(t) = 1. Otherwise,

degPs(t) = rankMs = dim spanΦs = codim
⋂

Lα∈Φs

kerLα.

Moreover, for any α0 ∈ ∆×
s ,

degPs(t) = 1 + dim span{α− α0 : α ∈ ∆×
s } = 1 + dimAff(∆×

s ).

Proof. By Corollary 4.17, Ps(t) is the Poincaré polynomial of the Orlik–Solomon algebra
of the matroid represented by Φs. Its degree is therefore the rank of this matroid,
namely dim spanΦs. Since the forms in Φs define the associated arrangement, this
dimension is also

codim
⋂

Lα∈Φs

kerLα.

If ∆×
s = ∅, there are no non-z0 factors, so ps = 1 and Ps(t) = 1.
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Now suppose ∆×
s ̸= ∅ and fix α0 ∈ ∆×

s . Since

Lα = Lα0 + ℓα−α0 ,

we have
spanΦs = CLα0 ⊕ span{ℓα−α0 : α ∈ ∆×

s }.
The sum is direct because the second summand lies in v∗, while Lα0 has nonzero z0-
component. Taking dimensions gives the result. □

Remark 4.19. It is important that the degree depends on the affine span of the nonzero
weights, not on their ordinary linear span. For example, if dim v = 1 and ∆×

s = {α}
with α ̸= 0, then ∆×

s spans v∗ as a vector space, but rank{Lα} = 1, so Ps(t) has degree
1, not 2.

4.4. The Log-Concavity of the Betti Numbers. Theorem 4.18 gives a direct upper
bound for the Betti numbers in terms of the spectral index κ(s), equivalently the
number of elements in the ground set Φs of the spectral matroid.

Corollary 4.20. For any solvable Lie algebra s and j ≥ 0, we have

bj(s) ≤
(
κ(s)− 1

j

)
.

Proof. By Corollary 4.7, the cohomology of V c
s is isomorphic to the Orlik–Solomon

algebra Es/Js. Therefore, the degree-j cohomology space Hj(V c
s ,C) is a quotient of

the degree-j part of Es, which has dimension
(
κ(s)−1

j

)
. The corollary follows. □

We proceed by establishing a qualitative property of the Betti numbers of V c
s . Re-

call that a sequence of non-negative real numbers a0, a1, . . . , an is log-concave if a2k ≥
ak−1ak+1 for 1 ≤ k < n. The sequence is said to have no internal zeros if every entry
between two nonzero entries is nonzero, and it is unimodal if it weakly increases up to
some index and then weakly decreases. If a log-concave sequence has no internal zeros,
then it is unimodal. To prove log-concavity for the Betti numbers, we introduce the
characteristic polynomial of a spectral matroid.

Definition 4.21. Let M be a matroid of rank r. The characteristic polynomial of M
is defined via the Möbius function of its lattice as

χM(t) =
∑

X∈L(M)

µ(0̂, X)tr−rank(X).

The following result concerns the coefficients of χM.

Theorem 4.22 ([31]). Let M be a matroid representable over a field of characteristic
0. Then the absolute values of the coefficients of its characteristic polynomial form a
log-concave sequence.
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Our next lemma connects the Poincaré polynomial of a hyperplane arrangement with
the characteristic polynomial of a matroid.

Lemma 4.23. Let s be a solvable Lie algebra with rankMs = r. Then

χMs(q) = qrPs(−q−1).

Proof. Using the definition of the Whitney numbers

wk =
∑

rank(X)=k

|µ(0̂, X)|,

and the sign property µ(0̂, X) = (−1)rank(X)|µ(0̂, X)| for geometric lattices, the char-
acteristic polynomial of Ms is

χMs(q) =
r∑

k=0

(−1)kwkq
r−k.

Since

Ps(t) =
r∑

k=0

wkt
k,

we obtain

qrPs(−q−1) = qr
r∑

k=0

wk(−q−1)k =
r∑

k=0

(−1)kwkq
r−k = χMs(q).

□

Therefore, the Betti numbers of V c
s coincide with the absolute values of the coefficients

of the characteristic polynomial χMs(q). The following is a direct consequence of
Theorem 4.22.

Corollary 4.24. Let s be a solvable Lie algebra with rankMs = r. Then the Betti
numbers b0(s), . . . , br(s) form a log-concave sequence:

bj−1(s) bj+1(s) ≤ bj(s)
2, 1 ≤ j ≤ r − 1.

Moreover, bj(s) = 0 for j > r.

Proof. The spectral matroid Ms is represented by linear forms over C, hence is repre-
sentable over a field of characteristic 0. By Theorem 4.22, the absolute values of the
coefficients of χMs(q) form a log-concave sequence. By Lemma 4.23, these absolute
values are the Betti numbers bj(s) for 0 ≤ j ≤ r. The vanishing for j > r follows from
Theorem 4.18. □
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5. Solvable Lie Algebras with Abelian Nilradical

Assume s is a solvable Lie algebra with an abelian nilradical n and suppose the nilradical
weight multiset ∆s consists of the weights aj, each repeated rj times. The form of such
s is described by Ndogmo and Winternitz [46]. The calculations below isolate the
weights contributed by the nilradical blocks from the remaining extension data.

5.1. Classification Theorems of Ndogmo and Winternitz. Write r = dim n and
k = dim(s/n), so dim s = r + k and 1 ≤ k ≤ r. Ndogmo and Winternitz [46] reduce
the isomorphism problem to a commuting family of matrices together with compatible
extension data, represented here by the brackets between a chosen complement and
itself. One must then classify this extension data modulo the relevant changes of
basis and remove decomposable algebras. Here, decomposable means isomorphic to
a direct sum of two nonzero ideals. Choose a vector-space complement v to n and
bases {n1, . . . , nr} of n and {x1, . . . , xk} of v. Thus s = n ⊕ v as a vector space.
Let z1, . . . , zr be the variables corresponding to (n1, . . . , nr), let zr+α correspond to
xα, and write zv = (zr+1, . . . , zr+k). The point of the calculation below is that the
variables corresponding to n1, . . . , nr, the extension data, and the nilpotent parts of
the commuting matrices all disappear from the determinant. Thus the determinant
depends only on the joint eigenvalue data of the commuting family, equivalently on the
simultaneous diagonal weights and their multiplicities.

For 1 ≤ α ≤ k, define Aα ∈ gl(r,C) and Rαβ ∈ n by [xα, nj] =
∑r

i=1(A
α)ijni for

1 ≤ j ≤ r and [xα, xβ] = Rαβ. The vectors Rαβ measure the failure of the chosen
complement to be a Lie subalgebra, and their compatibility relations are the additional
conditions imposed by the Jacobi identity.

We call the commuting family A1, . . . , Ak linearly nilindependent if no nonzero linear
combination

∑k
α=1 cαA

α is nilpotent.

Theorem 5.1. Let s be a finite-dimensional solvable non-nilpotent complex Lie algebra
with abelian nilradical n. With respect to the bases chosen above, the brackets have the
form

[xα, nj] =
r∑

i=1

(Aα)ijni, [ni, nj] = 0, [xα, xβ] = Rαβ ∈ n.

The matrices A1, . . . , Ak commute and are linearly nilindependent. For k ≥ 3 and
1 ≤ α < β < γ ≤ k,

AαRβγ + AβRγα + AγRαβ = 0.

The classification is taken modulo the following transformations:

(1) xα 7→ xα + tα, with tα ∈ n;
(2) (x1, . . . , xk)

T 7→ G(x1, . . . , xk)
T, with G ∈ GL(k,C);

(3) (n1, . . . , nr)
T 7→ S(n1, . . . , nr)

T, with S ∈ GL(r,C).



22 GARY HU AND RONGWEI YANG

Thus the classification problem separates into the commuting matrix family and the
extension data Rαβ, followed by the removal of decomposable algebras. Over C, the
commuting family has the following block form.

Theorem 5.2. Let s be as above over C. The matrices Aα can be simultaneously
transformed into the block diagonal form

Aα =

p+q⊕
j=1

Tα
j (a

α
j ), Tα

j (a
α
j ) = aαj Irj +Nα

j ,

p+q∑
j=1

rj = r,

where each Tα
j is triangular and the matrices Nα

j in a fixed block span an abelian

nilpotent subalgebra of sl(rj,C). Writing aj = (a1j , . . . , a
k
j ), the weights satisfy

aj ̸= 0 (1 ≤ j ≤ p), aj = 0 (p+ 1 ≤ j ≤ p+ q),

and, after a change of basis in s/n,

aαj = δαj (1 ≤ j ≤ k), 1 ≤ k ≤ p, p+ q ≤ r.

This block decomposition reduces the classification of the commuting action to the
choice of a partition, the relevant indecomposable nilpotent block subalgebras, and
the compatible scalar and nilpotent parameter maps, modulo changes of nilradical
basis and complement basis. Classification of the Lie algebra additionally requires the
compatible extension tensors Rαβ and the removal of decomposable cases.

The weights and block sizes enter the calculation of the characteristic polynomial and
the associated invariants. The strictly triangular entries and the extension data remain
important for isomorphism, but not for the factorization considered here. These weights
are the data used in the spectral classification below.

5.2. Characteristic Polynomials in the Abelian Case. With the notation of The-
orem 5.2, write zv = (zr+1, . . . , zr+k) for the complement coordinates.

Theorem 5.3. The characteristic polynomial of a solvable Lie algebra s with abelian
nilradical is

Qs(z0, z1, . . . , zr+k) = z
e0(s)
0

p∏
j=1

(
z0 +

k∑
α=1

aαj zr+α

)rj

.

Moreover,

e0(s) = k +

p+q∑
j=p+1

rj, κ(s) = 1 + |B|,

where B is the set of distinct nonzero weights among a1, . . . , ap.
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Proof. Relative to s = n ⊕ v, the matrix pencil in the definition of Qs has the block
form

z0I +
r∑

i=1

zi ad(ni) +
k∑

α=1

zr+α ad(xα) =

z0Ir +
k∑

α=1

zr+αA
α ∗

0 z0Ik

 .

The lower-right block is z0Ik because [s, s] ⊆ n, so the induced bracket on s/n vanishes.
Taking the determinant gives

Qs(z0, z1, . . . , zr+k) = zk0 det

(
z0Ir +

k∑
α=1

zr+αA
α

)
.

On the jth block, the diagonal of
∑

α zr+αA
α is the scalar

∑
α a

α
j zr+α, repeated rj

times. The triangular form therefore contributes(
z0 +

k∑
α=1

aαj zr+α

)rj

.

For j > p the weight is zero, so the contribution is z
rj
0 . Multiplying the quotient

contribution with the contributions of all blocks proves the factorization. The factor z0
contributed by the quotient block is always present, and zero-weight blocks contribute
additional copies of the same factor. Thus the distinct linear factors are indexed by 0
together with the distinct nonzero weights in B, which gives κ(s) = 1 + |B|. □

5.3. Classification up to Spectral Equivalence. Theorem 5.3 reduces spectral
equivalence to these weights. The spectral equivalence class is specified by the mul-
tiplicity of the z0 factor and the multiset of nonzero weights with their multiplicities,
modulo a change of basis in the extension space. The remaining normal-form pa-
rameters continue to matter for isomorphism. By Proposition 3.7, this description is
equivalent to equality of the z0-multiplicities together with linear equivalence of the
nonzero weight multisets. We record the resulting specialization.

Remark 5.4. In the abelian-nilradical setting, Proposition 3.7 applies directly: spec-
tral equivalence is controlled by e0(s) and the linear-equivalence class of the nonzero
nilradical weight multiset.

The criterion is also sharp: every finite multiset of nonzero weights whose span is Ck,
together with any prescribed nonnegative zero-weight multiplicity, is realizable.

Proposition 5.5. Assume B := {b1, . . . ,bp} ⊂ Ck\{0} and it spans Ck. Let r0, . . . , rp
be nonnegative integers with rj > 0 for each j ≥ 1 and set r = r0 + · · · + rp. Then
there is a solvable complex Lie algebra s with abelian nilradical n and dim(s/n) = k for
which

Qs(z0, z1, . . . , zr+k) = zk+r0
0

p∏
i=1

(
z0 +

k∑
α=1

bαi zr+α

)ri

.
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Proof. Let n = N0 ⊕N1 ⊕ · · · ⊕Np, where dimNi = ri, and let v = span{x1, . . . , xk}.
Define Aα|N0 = 0 and Aα|Ni

= bαi INi
, and define s = n⊕ v by [xα, u] = Aαu for u ∈ n

and [xα, xβ] = 0. The matrices are diagonal with respect to this decomposition, so
they commute, and the choice Rαβ = 0 satisfies the extension compatibility conditions.
Thus the Jacobi identity holds. The extension tensors do not enter the characteris-
tic polynomial in Theorem 5.3, although nonzero compatible choices can affect the
isomorphism class.

Suppose that A(c) :=
∑

α cαA
α is nilpotent. On Ni it acts by the scalar

∑
α cαb

α
i . A

scalar operator is nilpotent only when its scalar is zero; hence
∑

α cαb
α
i = 0 for every

i. Since the vectors bi span Ck, this forces c1 = · · · = ck = 0. Thus A1, . . . , Ak are
linearly nilindependent. Let ñ denote the nilradical of the constructed algebra. Since
n is an abelian ideal, n ⊆ ñ. If ñ/n ̸= 0, choose

y = u+
k∑

α=1

cαxα ∈ ñ \ n.

Because ñ is a nilpotent ideal, [y, s] ⊆ ñ and ad(y)|ñ is nilpotent. Thus ad(y) induces the
zero operator on s/ñ, since [s, s] ⊆ n ⊆ ñ. Relative to ñ ⊆ s, it is therefore block upper
triangular with nilpotent diagonal blocks, and is nilpotent on s. Hence its restriction
A(c) =

∑
α cαA

α to n is nilpotent. Linear nilindependence forces c1 = · · · = ck = 0, a
contradiction. Thus ñ = n, and Theorem 5.3 applied to these blocks gives the displayed
characteristic polynomial. □

Note that we do not claim that the construction is indecomposable. In particular, if
r0 > 0 and all Rαβ vanish, then N0 is a central direct summand.

5.4. Topological Invariants in the Abelian Case. In light of Theorem 4.18, the
degree of the Poincaré polynomial of the hyperplane complement M(As) is determined
by ordinary affine dependence among the distinct nonzero weights. For b ∈ Ck, define

b̂ := (1,b). For a finite set B ⊂ Ck with |B| = p, we call a subset affinely independent

when its lifted vectors b̂ are linearly independent. We say that B is in affine general
position if every subset of at most m = min{k + 1, p} points is affinely independent.

For integers 0 ≤ m ≤ p, let Um,p denote the uniform matroid on a p-element ground
set whose independent subsets are precisely those of cardinality at most m.

Corollary 5.6. Let s be a solvable Lie algebra determined by Proposition 5.5. Then

the spectral matroid is represented by the vectors b̂ = (1, b1, . . . , bk) for b ∈ B, and

degPs(t) = 1 + dimAff(B).

If B is in affine general position, then the spectral matroid is Um,p, and

Ps(t) =
m−1∑
i=0

(
p

i

)
ti +

(
p− 1

m− 1

)
tm.
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Proof. The coefficient vector of z0 +
∑

α b
αzr+α is b̂. Linear dependence among these

coefficient vectors is equivalent to affine dependence among the points of B. Thus a
subset of the displayed linear forms is dependent if and only if the corresponding weights
are affinely dependent. The rank and degree formula follows from Theorem 4.18.
In affine general position every subset of at most m weights is independent, so the
represented matroid is the uniform matroid Um,p. Its Whitney numbers are

(
p
i

)
for

i < m and
(
p−1
m−1

)
for i = m. □

Remark 5.7. The affine dependence appears because the coefficient vector of the linear

form z0 +
∑

α b
αzr+α is b̂ = (1, b1, . . . , bk). The first coordinate is the same for every

weight, so linear dependence among the coefficient vectors b̂ is equivalent to affine
dependence among the weights b. The arrangement complement therefore records the
affine-dependence structure of the weight set.

The general bounds for the degree and coefficients of Ps therefore specialize to

degPs ≤ k + 1, bi(s) ≤
(
|B|
i

)
=

(
κ(s)− 1

i

)
.

For a finite set B of distinct nonzero weights, let

AB := {ker(z0 + ℓb) : b ∈ B}.
Thus PAB

(t) is the polynomial defined above for this arrangement; the same notation
applies to PAS

(t) and PABa
(t) below. This notation is used in Tables 1 and 2.

5.5. Tables of Weights and Spectral Invariants. We apply the preceding descrip-
tion to the special families studied in [46]. In each case, we record the weight multiset,
the resulting characteristic polynomial, and selected matroid invariants.

The tables record characteristic-polynomial formulas and selected matroid invariants.
Equal values of κ and Ps do not in general imply spectral equivalence; the full linear-
equivalence class of the weight multiset is still required. For example, in the case k = 1,
the weight sets {1, 2, 3} and {1, 2, 4} have the same uniform matroid, the same spectral
index, and the same Poincaré polynomial, but no common nonzero scalar carries one
set to the other.

Let Z(s) := {x ∈ s : [x, y] = 0 for all y ∈ s} denote the center of s. We first consider
the center of s and the factor z0 of the characteristic polynomial Qs. As above, let m0

be the multiplicity of the zero nilradical weight, and let n0 be the sum of the blocks
with zero diagonal weight, so dim n0 = r0. In light of Theorems 5.1 and 5.2, the strictly
triangular parts of the zero-weight blocks can reduce the common kernel even though
their diagonal weights vanish. Proposition 5.8 below makes the relation between m0

and the dimension of the center explicit.
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Let ι : Cr → n be the coordinate isomorphism determined by the basis {n1, . . . , nr}.
Thus Aα represents the linear map ad(xα)|n under ι. Set K :=

⋂k
α=1 kerA

α.

Proposition 5.8. Let s be as in Theorem 5.1. Then

Z(s) = ι(K) ⊆ n0, e0(s) = k + r0 ≥ k + dimZ(s).

The final inequality can be strict when a zero-weight block has a nonzero strictly trian-
gular part.

Proof. Since Z(s) is a nilpotent ideal, the characterization of the nilradical in a solvable
complex Lie algebra gives Z(s) ⊆ n. If x ∈ Z(s) and ι(c) = x, then Aαc = 0 for
1 ≤ α ≤ k because [xα, x] = 0.

Conversely, if c ∈
⋂k

α=1 kerA
α, then x = ι(c) lies in n. Hence x commutes with n

because n is abelian, and it commutes with each xα because Aαc = 0. Therefore
x ∈ Z(s). On a nonzero-weight block, at least one diagonal scalar aαj is nonzero,
so the corresponding Aα is invertible on that block because a nonzero scalar plus a
nilpotent matrix is invertible. Thus the common kernel is contained in the zero-weight
subspace n0, so dimZ(s) ≤ r0. Finally, Theorem 5.3 gives e0(s) = k + r0, and the
stated inequality follows. □

For comparison with the extremal construction in [46], assume in this paragraph that
s is nonnilpotent and indecomposable and that 1 ≤ k < r. Put m := r − k, the
difference between the nilradical dimension and the complement dimension, and put
d = k(k − 1)/2. When m > d, write N0 := r − k(k + 1)/2 = (k + 1)q0 + ν, with
0 ≤ ν ≤ k. Ndogmo and Winternitz prove that the largest possible center dimension
among such algebras is

dM =



m, m ≤ d,

2kr − k(k + 1)

2(k + 1)
, m > d, ν = 0,

2kr − k(k + 1) + 2(ν − k − 1)

2(k + 1)
, m > d, ν ≥ 1.

The canonical realization begins with the k weights e1, . . . , ek. Except when ν = 1,
all remaining weights are zero; when ν = 1, there is one additional nonzero weight
a = (a1, . . . , ak). These cases are listed in Table 1.

In the case ν = 1, define

supp(a) := {α ∈ {1, . . . , k} : aα ̸= 0}, q := | supp(a)|.
Set

ϵ(a) :=

{
0, a ∈ {e1, . . . , ek},
1, a /∈ {e1, . . . , ek}.

Finally, let Ba := {e1, . . . , ek, a}.
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Lemma 5.9. In the ν = 1 case, if a = ei, then κ = k + 1 and Ps(t) = (1 + t)k. If
a /∈ {e1, . . . , ek} and

∑
α a

α ̸= 1, then κ = k+ 2 and Ps(t) = (1 + t)k+1. If
∑

α a
α = 1,

then q ≥ 2, κ = k + 2, and

Ps(t) = (1 + t)k−q

(
q−1∑
i=0

(
q + 1

i

)
ti + qtq

)
.

The last formula follows because the basis weights in supp(a) together with a form a
circuit, while the remaining basis weights are coloops. In particular, the formula with
q = k applies when every coordinate of a is nonzero.

Table 1 records the resulting invariants. The only parameter-dependent row is ν =
1. In that row, a may coincide with a basis weight or satisfy an affine dependence
involving the basis weights in its support. Let 0[m] denote the zero weight counted
with multiplicity m.

Table 1: Spectral invariants for maximal-center realizations.

Case Nilradical weight
multiset

Qs(z0, z) κ and P := Ps

m ≤ d {e1, . . . , ek, 0[m]} zr0
∏k

α=1(z0 + zr+α) κ = k + 1,
P = (1 + t)k

m > d, ν = 0 {e1, . . . , ek, 0[m]} zr0
∏k

α=1(z0 + zr+α) κ = k + 1,
P = (1 + t)k

m > d, ν = 1 {e1, . . . , ek,a, 0[m−1]} zr−1
0

(∏k
α=1(z0 +

zr+α)
)
(z0 + a · zv)

κ = k + 1 + ϵ(a),
P = PABa

(t)

m > d,
2 ≤ ν ≤ k

{e1, . . . , ek, 0[m]} zr0
∏k

α=1(z0 + zr+α) κ = k + 1,
P = (1 + t)k

The table also makes clear that maximal center dimension is not a spectral classifica-
tion. The Ndogmo–Winternitz classification gives alternative maximal-center realiza-
tions having the same value of dM but different diagonal weights. Such realizations
have the same center dimension and can nevertheless have different characteristic poly-
nomials.

The two boundary cases k = 1 and k = r admit closed formulas, given in Theo-
rems 5.10 and 5.11. In the codimension-one case, once the eigenvalues with algebraic
multiplicity are fixed, Jordan block sizes and strictly triangular entries do not affect
the characteristic polynomial.

A nonnilpotent solvable Lie algebra s with k = 1 is a one-dimensional solvable extension
of its nilradical n. Let A = A1 be the matrix defined in Theorem 5.1 and assume
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λ1, . . . , λr are the eigenvalues of A, counting multiplicity. Set

r0 := |{i : λi = 0}|, S := {λi : λi ̸= 0}.
The following result does not require the nilradical to be abelian.

Theorem 5.10. Suppose a nonnilpotent Lie algebra s is a one-dimensional solvable
extension of its nilradical. Then S ̸= ∅, κ(s) = 1+|S|, and e0(s) = 1+r0. Furthermore,

Qs(z0, z1, . . . , zr+1) = z0

r∏
i=1

(z0 + λizr+1),

Ps(t) = (1 + t)(1 + (|S| − 1)t).

Proof. For k = 1, Theorem 5.3 gives

Qs(z0, z1, . . . , zr+1) = z0 det(z0Ir + zr+1A).

The eigenvalues of A are λ1, . . . , λr, counting algebraic multiplicity, so this determinant
is z0

∏
i(z0 + λizr+1). Since A is nonnilpotent, at least one λi is nonzero, so S ̸= ∅.

The factor z0 from the quotient and the factors with λi = 0 give the stated value of e0,
while the distinct nonzero eigenvalues give the stated value of κ.

The remaining arrangement consists of |S| distinct lines through the origin in C2. If
|S| = 1, its complement has Poincaré polynomial 1+ t, which agrees with the formula.
If |S| ≥ 2, its intersection lattice has one rank-zero element, |S| rank-one elements,
and one rank-two element. The Orlik–Solomon formula therefore gives

Ps(t) = 1 + |S|t+ (|S| − 1)t2 = (1 + t)(1 + (|S| − 1)t).

□

Next, we consider the case k = r. Let a be the two-dimensional complex Lie algebra
with basis {x, n} satisfying the bracket relation [x, n] = n.

Theorem 5.11. Suppose k = r. Then s ∼=
⊕r

i=1 a, and

Qs(z0, z1, . . . , z2r) = zr0

r∏
i=1

(z0 + zr+i), κ(s) = r + 1, Ps(t) = (1 + t)r.

Proof. When k = r, Theorem 5.2 shows that the weights span Cr. Hence at least r
blocks have nonzero weight. Since the nilradical has dimension r, there are exactly r
one-dimensional blocks. After changing the basis of the complement, their weights are
the standard basis vectors. Identifying each matrix Ai with the linear map ad(xi)|n
represented in the chosen nilradical basis, we have Ai(ni) = ni and Ai(nj) = 0 for
i ̸= j.

The Jacobi relations show that the extension vector Rij = [xi, xj] can have components
only in the directions ni and nj; when r ≥ 3, this follows by applying the relation for
a triple containing i, j and a third index, and the case r = 2 is immediate. The shifts
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xi 7→ xi+ ti from Theorem 5.1 remove these remaining components. Thus the brackets
between distinct summands can be taken to vanish. The characteristic polynomial and
the Poincaré polynomial then follow from the r standard weights in Theorem 5.3. The
resulting algebra is a direct sum of r proper ideals when r > 1, so it is indecomposable
only for r = 1. □

We next consider the weight patterns associated with the four complex partitions for
dim s = 8, r = 5, and k = 3.

Ndogmo and Winternitz [46] work out all complex partitions of the commuting action
when dim s = 8, dim n = 5, and dim v = 3. Their four partitions of 5 are 3+1+1, 2+2+
1, 2+1+1+1, and 1+1+1+1+1. The rows record the corresponding weight multisets.
Different commuting families, choices of nilpotent subalgebras, and extension tensors
may give the same row because they do not change the diagonal weights. Thus Table 2
below records characteristic-polynomial data rather than compatible extension data or
isomorphism classes of Lie algebras. The partition determines the multiplicities of the
displayed weights, and hence the exponents in Qs; the off-diagonal matrix parameters
do not enter the table. Put e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1), and let a =
(a1, a2, a3) and b = (b1, b2, b3) denote the two additional weights. For each row, let
W denote the displayed weight multiset and let S be the set of its distinct nonzero
members. Here, generic means that the parameters avoid the exceptional values at
which weights collide or become affinely dependent.

Table 2: Spectral invariants for the four partitions with
dim s = 8.

Partition Weight multiset
W

Qs κ and Ps

3 + 1 + 1 {e[3]1 , e2, e3} z30(z0 + z6)
3(z0 + z7)(z0 + z8) κ = 4, P = (1 + t)3

2 + 2 + 1 {e[2]1 , e
[2]
2 , e3} z30(z0 + z6)

2(z0 + z7)
2(z0 + z8) κ = 4, P = (1 + t)3

2 + 1 + 1 + 1 {e[2]1 , e2, e3,b} z30(z0 + z6)
2(z0 + z7)(z0 +

z8)(z0 + b1z6 + b2z7 + b3z8)

κ = 1 + |S|
P = PAS

(t)
Generic case:
κ = 5, P = (1 + t)4

1+1+1+1+1 {e1, e2, e3,a,b} z30(z0 + z6)(z0 + z7)(z0 +
z8)(z0 + a1z6 + a2z7 +
a3z8)(z0 + b1z6 + b2z7 + b3z8)

κ = 1 + |S|
P = PAS

(t)
Generic case:
P = 1 + 5t + 10t2 +
10t3 + 4t4

Table 2 has the same interpretation. In the third row, b = 0 or b = ei gives κ = 4
and P = (1 + t)3. If b /∈ {0, e1, e2, e3}, then b1 + b2 + b3 ̸= 1 gives the generic value
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κ = 5 and P = (1 + t)4. If b1 + b2 + b3 = 1 and all three coordinates of b are nonzero,
then κ = 5 and P = 1 + 4t + 6t2 + 3t3. If exactly one coordinate of b is zero, then a
three-element circuit occurs and P = 1 + 4t+ 5t2 + 2t3.

The parameter-dependent rows remain valid when weights coincide or become zero. To
compute the spectral matroid and Poincaré polynomial, delete zero weights and retain
only one copy of each distinct nonzero weight before forming the coefficient vectors
(1,b). For the characteristic polynomial, the exponent e0, and spectral equivalence, all
weight multiplicities, including the zero-weight multiplicity, must be retained. In the
fourth row, five distinct nonzero weights have generic value P = 1+5t+10t2+10t3+4t4.
For this reduced set, the spectral matroid is obtained by computing the ranks of all
row-submatrices of the coefficient matrix, whose rows are (1, e1), (1, e2), (1, e3), (1, a),
and (1,b). If every three-element subset is already known to be affinely independent,
then the 4× 4 minors determine which four-element subsets are dependent. At special
parameter values, three-element circuits must also be detected using the corresponding
lower-order minors. For example, a = (1

2
, 1
2
, 0) gives, with û := (1,u), the affine relation

â = 1
2
ê1 +

1
2
ê2. Thus the table entry PAS

(t) applies at every parameter value.

5.6. A Dimension 9 Worked Example. We further illustrate the preceding results
with a dimension-9 example. We compute its characteristic polynomial, identify the
spectral matroid, and compare it with a second algebra having the same characteristic
polynomial but a different derived algebra.

Consider s := n⊕ v, where n = span{n1, . . . , n6} is abelian, and v = span{x1, x2, x3}.
We use the ordered basis B = (n1, n2, n3, n4, n5, n6, x1, x2, x3) and define the action of
v on n by the diagonal matrices

A1 = diag(1, 0, 0, 2, 7, 0), A2 = diag(0, 1, 0, 3, 11, 0), A3 = diag(0, 0, 1, 5, 13, 0).

More explicitly, set [xα, u] = Aαu for u ∈ n and set

[x1, x2] = n6, [x1, x3] = [x2, x3] = 0.

All other brackets are determined by skew-symmetry or are zero. Since n is abelian,
the only Jacobi identity involving the extension bracket that is not immediate is the
one for (x1, x2, x3). Its three terms vanish: the term involving the extension bracket is

[x3, [x1, x2]] = [x3, n6] = 0.

The other two terms contain [x2, x3] or [x3, x1], so they are zero by definition. Thus
these brackets define a Lie algebra.

The diagonal weights are

α1 = (1, 0, 0), α2 = (0, 1, 0), α3 = (0, 0, 1),

α4 = (2, 3, 5), α5 = (7, 11, 13), α6 = 0.
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These weights also help identify the center and nilradical. If u + c1x1 + c2x2 + c3x3

is central, commuting with n1, n2, n3 gives c1 = c2 = c3 = 0. The common kernel of
A1, A2, A3 is then Cn6, so Z(s) = Cn6. On the other hand, the first three diagonal
entries of c1A

1 + c2A
2 + c3A

3 are c1, c2, c3. A nilpotent combination must therefore be
zero, so the matrices are linearly nilindependent. Hence n is the nilradical.

For y = z1n1 + · · ·+ z6n6 + z7x1 + z8x2 + z9x3, the adjoint matrix has the block form

ad(y) =

(
D(z7, z8, z9) ∗

0 03

)
, D = diag(z7, z8, z9, 2z7+3z8+5z9, 7z7+11z8+13z9, 0).

The entries in the upper-right block contain the nilradical coordinates and the extension
bracket, but they do not affect the determinant. The lower-right block is zero because
s/n is abelian. Therefore

Qs(z0, z1, . . . , z9) = z30 det(z0I6 +D)

= z40(z0 + z7)(z0 + z8)(z0 + z9)

· (z0 + 2z7 + 3z8 + 5z9)(z0 + 7z7 + 11z8 + 13z9).

The quotient contributes z30 and the zero weight contributes one more copy, so e0 = 4
and κ = 6.

Remove the factor z40 . The five remaining factors are

L1 = z0 + z7, L2 = z0 + z8, L3 = z0 + z9,

L4 = z0 + 2z7 + 3z8 + 5z9, L5 = z0 + 7z7 + 11z8 + 13z9.

Their coefficient matrix is

M =


1 1 0 0
1 0 1 0
1 0 0 1
1 2 3 5
1 7 11 13

 .

For 1 ≤ i ≤ 5, let Mî be the 4× 4 matrix obtained by deleting the ith row of M . For
example,

M1̂ =


1 0 1 0
1 0 0 1
1 2 3 5
1 7 11 13

 , detM1̂ = −3.

The five determinants are(
detM1̂, . . . , detM5̂

)
= (−3, 9, 33, 30, 9).

All five are nonzero, so every four of the five coefficient vectors is independent. Since
there are only four coordinates, the spectral matroid is therefore the uniform matroid
U4,5. Its unique circuit gives the relation

−L1 − 3L2 + 11L3 − 10L4 + 3L5 = 0.
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For U4,5, the Whitney numbers are (w0, w1, w2, w3, w4) = (1, 5, 10, 10, 4). Hence

Ps(t) = 1 + 5t+ 10t2 + 10t3 + 4t4, (b0, b1, b2, b3, b4) = (1, 5, 10, 10, 4).

Let s0 be the solvable extension of n obtained by replacing [x1, x2] = n6 with [x1, x2] =
0, while keeping the matrices A1, A2, A3 unchanged. The extension bracket appears
only in the upper-right block of ad(y), so the characteristic polynomial is unchanged:

Qs0(z0, z1, . . . , z9) = Qs(z0, z1, . . . , z9).

Their derived algebras, that is, their commutator subalgebras, are different:

[s0, s0] = span{n1, . . . , n5}, [s, s] = span{n1, . . . , n6}.
Their derived algebras have dimensions 5 and 6, respectively, so s0 ̸∼= s, although their
characteristic polynomials are identical.

Finally, change the weight of n5 from (7, 11, 13) to (2, 3, 5). It then coincides with the
weight of n4, so L5 = L4 and the last two factors merge:

Qs(z0, z1, . . . , z9) = z40(z0 + z7)(z0 + z8)(z0 + z9)(z0 + 2z7 + 3z8 + 5z9)
2.

The number of distinct factors other than z0 drops from five to four, so the spectral
index κ drops from 6 to 5; the reduced arrangement now has four independent factors
and Ps(t) = (1 + t)4. Thus a repeated weight changes the spectral matroid and the
topology even though the calculation still uses the same block form.

6. Concluding Remarks

The classification of finite-dimensional solvable Lie algebras over C is a longstanding
open problem, with isomorphism classes proliferating rapidly even in low dimensions.
In this paper, we developed a spectral approach based on the multivariate invariant
Qs(z0, z) = det

(
z0I +

∑
i zi adxi

)
.

The main application is the spectral analysis of solvable complex Lie algebras with
abelian nilradical, including their classification up to spectral equivalence through
the corresponding weight multisets. The Ndogmo–Winternitz normal form makes
the general factorization and arrangement theory explicit: triangular block sizes give
the weight multiplicities, Proposition 5.5 realizes every spanning collection of nonzero
weights, and Remark 5.4 and Corollary 5.6 identify the resulting spectral equivalence
criterion and matroid. The center bound and the tables apply these statements to the
families treated by Ndogmo and Winternitz, while the worked example exhibits two
non-isomorphic extension choices with the same characteristic polynomial. This makes
the abelian-nilradical class a useful test case for the distinction between isomorphism
and spectral equivalence.

The subsequent papers apply these results to several classes of nilradicals. In each
case, the defining brackets impose additional relations among the weights or determine
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them from the classified extension derivations. The resulting spectral matroids and
parameter spaces are different, but the same factorization makes them comparable.

Several directions remain open.

(1) Other nilradicals. Which nilradicals impose intrinsic restrictions on the associ-
ated spectral matroids? Such restrictions could give meaningful classification
results even when a complete classification up to isomorphism is out of reach.

(2) Spectral rigidity. Within a parameterized family, when does the nilradical
weight multiset determine the Lie algebra up to isomorphism? Answering this
would identify when spectral equivalence agrees with isomorphism and which
extension data are not determined by the characteristic polynomial.

(3) Geometric applications. Given a finite-dimensional real Lie algebra g, let G
be the corresponding simply connected real Lie group and let gC denote its
complexification. It is natural to ask what the spectral data of gC say about
geometric features of G and its homogeneous spaces.

These results place spectral equivalence between isomorphism and comparison by
coarser numerical invariants. In the abelian-nilradical case, a commuting matrix pencil
gives the weights and their multiplicities directly, while the linear-dependence relations
among the coefficient vectors (1, α) determine the associated arrangement matroid. The
Ndogmo–Winternitz normal form also makes explicit which extension parameters are
omitted by the characteristic polynomial. Spectral equivalence therefore provides a
computable comparison for parameterized families which is coarser than isomorphism.
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1894.
[12] I. Chagouel, M. Stessin, and K. Zhu, Geometric spectral theory for compact operators, Trans.

Amer. Math. Soc. 368(3) (2016), 1559-1582.
[13] C. W. Curtis, Representation theory of finite groups: From Frobenius to Brauer, Math. Intelli.

14(4) (1992), 48-57.
[14] C. Curtis, Pioneers of Representation Theory: Frobenius, Burnside, Schur, and Brauer, History

of Mathematics, vol. 15, American Mathematical Society, Providence, RI, 1999.
[15] R. Dedekind, Gesammelte mathematische werke, vol. II, edited by R. Fricke, E. Noether, and O.

Ore, Chelsea, New York, 1969.
[16] L. E. Dickson, An elementary exposition of Frobenius’s theory of group-characters and group-

determinants, Ann. Math. (2) 4(1) (1902), 25-49.
[17] L. E. Dickson, Determination of all general homogeneous polynomials expressible as determinants

with linear elements, Trans. Amer. Math. Soc. 22(2) (1921), 167-179.
[18] R. G. Douglas and R. Yang, Hermitian geometry on resolvent set, in Operator Theory, Operator

Algebras, and Matrix Theory, Oper. Theo.: Adv. & Appl., vol. 267, Birkhäuser, Cham, 2018,
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